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A simple SIR-vaccination model: Estimating Parameters.
Onyango Nelson
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We model childhood diseases such as measles.

Vaccination is key in controlling such diseases. The w (t) = psin( @t) (1a) ?TIt: —ul + g(1)SI —al, 1(t)) =1,>0
aim here is to identify which vaccination strategies are . .
optimal given constraint on resources. Pulse ﬁ (t) =q SII"I( Wt) —=—-uR +y (1)S + al, R(t;) =R, >0
vaccination (e.g., Agur, 1993) has been shown to yield dt
better results than constant vaccination, with success p Catl 6
stories in  Argentina, Brazil, Israel, among aramB?:;ehr;;t(bt)east :
others(Chavez and Feng, 1998). ds 1
( 9. 1998) Death rate(mu) L b-us-y@S-ZA@S, S-St
. : Vaccination rate(psi)
Fairly good parameters are needed to validate any d 1 1 _ &
model assumptions or conclusions made, to ensure the R(e:gg\tii;/:'a;z((l;?;)a) (@) g = —ul+ ZAQ)S! - al, 1) =<l
model analysis and reporting makes much sense. drR 1 b
v porting G MRV (@S + al, R(to) = 2= S[y I(t,)
it & u
di
L alt) =t

Mathematical Analysis Comments

FLOQUET THEORY 4 14 Plotted points and fitted ODE for Susceptible class.
Three independent solutions of the linearization of (1a), 12 E
with initial conditions (1,0,0)", (0,1,0)", and (0,0,1)" are .. & J
obtained. The vectors form the columns of the Monodromy sl | .
matrix below, (*) entries assumed to be equal to zero. H
=y 5 g
exr{— | ;1+u/(t)dl] * 0 aal ] “‘
M(t)= 0 ex;[—}ymduj /f(l)S[u/](()dI] 0 %o °s ' s EY 25 EY ECRNE
. . ex;{f} m‘j Fig 1: A simulation of the epidemic. time independent I .
° contact rate (dashed curve), varying periodic contact AR
rate (solid curve), constant case, B=1.4 , varying case, ——
The main diagonal defines the spectrum of the matrix, B=0.9+cos(t)0.5. ) - ) ) S
and stability of the disease free periodic orbit is g Fig 3: Original data obtained from simulations in
defined if g P XPPAUT. Numerical solutions of the ODE
H obtained by a Euler method. Data and ODE
T % E model syncronized to obtain minimum Error
F= Iﬂ(t)S[W](t)dt <T(u+a) S Sums of Squares(SSE) and new parameter
0 § estimates. No constraints on susceptible group.
SINGULAR PERTUBATION THEORY: - E X o
Both t-Time and I(t)-the Infective Population, are Parameter Estimates Original Parameters
rescaled to obtain the fast system. Then with infinite g (S(0)=0.53)
separation of time, one obtains the limiting fast and od UL~ A A b=0.74 b=0.78
slow systems. Below is the slow system, and the slow 1988 1985 1990 1992 1504 1008 1008 2000 2002 2004
manifold- h(s). mu=2.02 mu=0.32
Fig 2: Local Measles Dynamics: Niamey-Niger — —
dx af @IS (Ferrari et al, 2008). Measles spreads is alpha=0.11 alpha=0.01
——=-b-uX-9g(S,q) -~ 55— characterized by outbreaks that last a short time, omega=2.90 omega=3.00
dt [B(@)] and die off. Orbital stability assessed over say 5
r period m = =
g§=g{b—yS—y/(q)S}—ﬂ(q)S{—s % s X} Zizetgite? eans that such outbreaks my go SSE=5.37 SSE=110.38
dt B(q) rrace curve. cpna ve omeam
dq_, Comment 1:
dt »Does orbital stability in the sense of Floque't offer a
true picture?Figure 1 shows that despite an
o argument for orbital stability, instantanious stability
h(S)=-A(Q)S[=S + Frsin s = X1 may be violated(see sharp spikes in fig 2).
»Fig 2 is true data for measles showing periodic
dh(s) o o outbreaks that go extict in short time spans
as =—/?(q)[—5+ﬂ(q)lnS—X]—ﬁ(q)S[—Hm] .
Comment 2:
4h(S) 5 stability »Classical methods used to estimate parameters, ‘
ds »Lack of data (Simulations used) and step changes in

suweacal SElvs

inputs, vaccination and contact rates make parameter
estimation challanging. Surface plots do not potray

We say the uninfected periodic orbit is instantaneously clear minimums.

stable if

IRWAIL<1 where Rfy)=20S10 Comment 3

»Lack of data (Simulations used) and step changes in
inputs, vaccination and contact rates. The parameter
estimates here are not yet so good, eg, see surface

curves or even fig. 3.
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