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Rational systems and System identification
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Ṡ =
−p3

p1
p2+p3

E

1+
p1

p2+p3
S +

p4
p2+p3

P
S +

p2
p4

p2+p3
E

1+
p1

p2+p3
S +

p4
p2+p3

P
P
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Rational systems

Terminology

Irreducible real affine variety X

X = {(a1, . . . ,an) ∈Rn|fi(a1, . . . ,an) = 0, fi ∈R[X1, . . . ,Xn],1≤ i ≤ s}

Polynomial functions on X

p : X → R is a polynomial on X if

∃ f ∈ R[X1, . . . ,Xn] ∀ (a1, . . . ,an) ∈ X : p(a1, . . . ,an) = f (a1, . . . ,an)

A = {p | p−polynomial on X} - finitely generated algebra

Rational functions on X

Q = {p/q | p,q ∈ A,q 6= 0} - field of quotients of A
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Rational systems

Example
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E

p1,p2,p3,p4 ∈ R - fixed

X = R2

ẋ1 =− p1x1
p2+x1

+ α
ẋ2 = p1x1

p2+x1
− p3x2

p4+x2

}
fα =

(
− p1x1

p2+x1
+ α
)

∂
∂x1

+
(

p1x1
p2+x1

− p3x2
p4+x2

)
∂

∂x2

y = h(x1,x2) =
(

p1x1
p2+x1

, p3x2
p4+x2

)T

x1(0) = x2(0) = 1
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Rational systems

Rational systems

the input space U ⊆ Rm

the space of input functions

U pc = {u : [0,∞)→ U | u piecewise constant}

u = (α1, t1) . . . (αk , tk ) ∈ U pc , αi ∈ U

the output space Rr

A rational system Σ is a quadruple (X , f ,h,x0) where

X is an irreducible real affine variety,

f = {fα|α ∈ U} is a family of rational vector fields on X ,

h : X → Rr is an output map with rational components,

x0 ∈ X is an initial state.
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Rational systems

Reachability and observability

Definition
A rational system Σ = (X , f = {fα|α ∈ U},h) is

algebraically reachable from x0 ∈ X if

R (x0) = {xΣ(Tu;x0,u) ∈ X |u ∈ U pc(Σ)} is Z-dense in X ,

rationally observable if Qobs(Σ) = Q.

observation algebra
Aobs(Σ) = R[{h, fα1,...,αi h | i ∈ N,αj ∈ U, j = 1, . . . , i}]

observation field
Qobs(Σ) = Qobs(Σ) = {p/q | p,q ∈ Aobs(Σ),q 6= 0}
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Rational systems

Example
2p  = 21 p  = 13 p  = 14
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21x 22

x 22 1

1

2

1

2

x1 1

x1 1

2

x1 1 p  = 1

X = R2 fα = (−2x1
1+x1

+ α) ∂
∂x1

+
(

2x1
1+x1
− x2

1+x2

)
∂

∂x2

x1(0) = x2(0) = 1 h(x1,x2) = ( 2x1
1+x1

, x2
1+x2

)T

Algebraic reachability

C = span{[Xk , [. . . , [X2,X1] . . . ]]}, X1 =

(
1
0

)
, X≥2 ∈ {

(
−2x1
1+x1

2x1
1+x1
− x2

1+x2

)
,

(
1
0

)
}

dimC((x1(0),x2(0))) = dim
(
−1 1
1 0

)
= 2

Rational observability

Qobs(Σ) = R(h1,h2, fαh1, fαh2, . . . )

h1 = 2x1
1+x1

, fαh1 = (−h1 + α) 2
(1+x1)2 ⇒ (1+x1)

2, x2
1 ∈Qobs(Σ)⇒ xi ∈Qobs(Σ)

( )9/ 22 9 / 22



Parametrized rational systems

Outline

1 Rational systems

2 Parametrized rational systems

3 Structural and global identifiability

( )10/ 22 10 / 22



Parametrized rational systems

Example
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E

p1,p2,p3,p4 ∈ R - variables

X p = R2

f p
α =

(
− p1x1

p2+x1
+ α
)

∂
∂x1

+
(

p1x1
p2+x1

− p3x2
p4+x2

)
∂

∂x2

hp(x1,x2) =
(

p1x1
p2+x1

, p3x2
p4+x2

)T

xp
1 (0) = xp

2 (0) = 1





Σ(p), p ∈ R4
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Parametrized rational systems

Parametrized systems
Parametrized rational system Σ(P) = {Σ(p) = (X p, f p,hp,xp

0 )|p ∈ P}:
P ⊆ Rs an irreducible variety - parameter set
the same input spaces U ⊆ Rm and output spaces Rr

X p 6= X p′

Properties:
structural reachability: Z -cl(R (xp

0 )) = X p for all p ∈ P \C
structural observability: Qobs(Σ(p)) = Qp for all p ∈ P \O
structural canonicity: Σ(p) is algebraically reachable and rationally
observable for all p ∈ P \CO
structurally distinguishes parameters:
R({qfα

k ,i ;ak
1 ,...,ak

np
,qh

k ,j ;bk
1 ,...,bk

np
,qx0

i })
∼= QP for all p ∈ P \D

ẋ = p2x
x(0) = 1

}
⇒ the same solution for p,−p
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Parametrized rational systems

Example
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Σ(p), p ∈ P = R4 :





Xp = R2

f p
α = p2α+(α−p1)x1

p2+x1

∂
∂x1

+ p1p4x1−p2p3x2+(p1−p3)x1x2
p2p4+p4x1+p2x2+x1x2

∂
∂x2

hp(x1,x2) = ( p1x1
p2+x1

, p3x2
p4+x2

)T

xp
1 (0) = xp

2 (0) = 1

Σ(P) is structurally canonical :
CO = {p ∈R4|(p1p2p3p4)(p2 +1)(p4 +1)(p1(p4 +1)−p3(p2 +1)) = 0}

Σ(P) structurally distinguishes parameters : D = {p ∈ R4|p1p2p3p4 = 0}

R[

f p
α,1: qfα

1;0,0,qfα
1;1,0,qfα

2;0,0,qfα
2;0,1︷ ︸︸ ︷

p2α,α−p1,p2,1 ,

f p
α,2︷ ︸︸ ︷

p1p4, . . . ,1,

hp

︷ ︸︸ ︷
p3,p4,1,

xp
0︷︸︸︷
1 ] = R[p1,p2,p3,p4] = AP
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Parametrized rational systems

Structured systems

Σ(p),Σ(p) ∈ Σ(P) are birationally equivalent if

X p,X p birationally equivalent
∃φ : X p→ X p, ψ : X p→ X p rational s.t. φ◦ψ = 1Xp ,ψ◦φ = 1Xp

∀ϕ ∈Qp,∀α ∈ U : f p
α (ϕ◦φ) = (f p

α ϕ)◦φ
hp ◦φ = hp

φ defined at xp
0 , and φ(xp

0 ) = xp
0

Σ(P) is a structured system if for every p,p ∈ P:

X p,X p birationally equivalent

”p = p ”⇒ Σ(p),Σ(p) birationally equivalent
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Parametrized rational systems

Structured systems - example
Σ(P) = {Σ(p)|p = (p1,p2,p3,p4) ∈ P = R4}

X p = R2

f p
α =

(
−p1x1
p2+x1

+ α
)

∂
∂x1

+
(

p1x1
p2+x1

− p3x2
p4+x2

)
∂

∂x2

hp(x1,x2) =
(

p1x1
p2+x1

, p3x2
p4+x2

)T

xp
1 (0) = xp

2 (0) = 1





⇒
Σ(P) structured
φ = id

p ∈ P

X p = {(x1,x2,x3) ∈ R3|x2
1 +x2

2 +x2
3 −1 = 0}

f p
α = f p

α,1
∂

∂x1
+ f p

α,2
∂

∂x2
+ f p

α,3
∂

∂x3

hp(x1,x2,x3) =
(

p1x1
p2+x1−p2x3

, p3x2
p4+x2−p3x3

)T

xp
1 (0) = xp

2 (0) = 2
3 ,xp

3 (0) = 1
3





⇒

Σ(p)
φ
←→ Σ(p)

φ : X p→ X p

φ(x1,x2,x3) =(
x1

1−x3
, x2

1−x3

)
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Structural and global identifiability

Can the parameters be determined uniquely?

System evaluation

Identifiability analysis

Experiments

Experimental design

Parameter estimation

Rational system

Parametrized rational system

Phenomenon
Assumption: ∀p ∈ P : Ũ pc ⊆ U pc(Σ(p))

A parametrization P : P→ Σ(P) is

globally identifiable if

p 7→ {(u,hp(xp(Tu;xp
0 ,u)))|u ∈ Ũ pc}

is injective on P

structurally identifiable if

p 7→ {(u,hp(xp(Tu;xp
0 ,u)))|u ∈ Ũ pc}

is injective on P \S 6= /0

( )17/ 22 17 / 22



Structural and global identifiability

Structural and global identifiability

Theorem
Let Σ(P) be a structured rational system which

is structurally canonical (CO ( P the smallest variety s.t. Σ(p) is
canonical for all p ∈ P \CO), and

structurally distinguishes parameters (with D ( P the smallest).

Then the following are equivalent:

P : P → Σ(P) is structurally identifiable (with S)

∃G : CO∪D ⊆G ( P ∀p,p ∈ P \G : Σ(p)
id
←→ Σ(p)

global identifiability:

polynomial systems CO,D,S,G = /0
rational systems CO,D,S,G = W
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Structural and global identifiability

Proof
P structurally identifiable (with S)⇒∃G ∀p,p ∈ P \G : Σ(p)

id
←→Σ(p)

S ( P : p 7→ {(u,hp(xp(Tu;xp
0 ,u)))|u ∈ Ũ pc} injective on P \S

G = CO∪D∪S G ( P

p,p ∈ P \G⇒Σ(p),Σ(p) canonical + realizing the same data
(realization theory)⇒ birationally equivalent (observability)⇒ φ identity

∃G ∀p,p ∈ P \G : Σ(p)
id
←→ Σ(p)⇒ P structurally identifiable (with S)

S = G, p,p ∈ P \S (realization theory + reachability)⇒

Xp = Xp
 Qp = Qp

∀ϕ ∈Qp, ∀α ∈ U : f p
α ϕ = f p

α ϕ

hp = hp

xp
0 = xp

0

(distinguishing parameters)⇒ p = p
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Structural and global identifiability

Example (1)
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Σ(P) = {Σ(p) = (X p, f p,hp,xp
0 )|p = (p1,p2,p3,p4) ∈ P = R4}

structured rational system

structurally canonical

structurally distinguishes parameters

Theorem:
P : P→ Σ(P) is
structurally identifiable

⇔
∀p,p ∈ P \ (CO∪D) :(
Σ(p)

φ
←→ Σ(p)⇒ φ identity

)
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Structural and global identifiability

Example (2)

p,p ∈ P \ (CO∪D)⇒ Σ(p),Σ(p) canonical
∀u ∈ Ũ pc : hp(xp(Tu;x0,u)) = hp(xp(Tu;x0,u))

⇒
Σ(p),Σ(p)
birationally
equivalent

Σ(p)
φ
←→Σ(p) φ = (φ1,φ2) : R2→ R2

(i) ∀ϕ ∈ R(X1,X2),∀α ∈ R : f p
α (ϕ◦φ) = (f p

α ϕ)◦φ
(ii) hpφ = hp

(iii) φ(xp
0 ) = xp

0

(ii)⇒ p1φ1(x1,x2)
p2+φ1(x1,x2)

= p1x1
p2+x1

, p3φ2(x1,x2)
p4+φ2(x1,x2) = p3x2

p4+x2

(i) + (ϕ(x1,x2) = x1) + (ii) + (iii)⇒ φ1(x1,x2) = x1

(i) + (ϕ(x1,x2) = x2) + (ii) + (iii)⇒ φ2(x1,x2) = x2

⇒ φ(x1,x2) = (x1,x2)⇒ P : P→ Σ(P) structurally identifiable
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