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Rational systems and System identification
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I
Rational systems and System identification
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Terminology

m Irreducible real affine variety X
X ={(az,...,an) €eR"[fi(as,...,an) =0, fi e R[Xy,...,Xp],1 <i <s}

m Polynomial functionson X
p: X — R is a polynomial on X if

If e R[Xy,...,Xn] V (az,...,an) € X : p(ay,...,an) =f(az,...,an)
A ={p | p—polynomial on X} - finitely generated algebra

m Rational functionson X
Q={p/dq|p,qecA,q+#0} - field of quotients of A
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Rational systems

Example
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Py X1 Ps X,
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P1,P2,P3,P4 € R - fixed
X =R?
v, — _ P1Xa
X1 = p2+X1+a fo— (P +a + PiX1  P3Xz \ 9
Xp = P1Xi _ _P3Xo a P2+X1 X1 P2+X1  PatXa ) OX;

P2+X1 Pa+Xx2

:
Y =) = (55 4
x1(0) =x2(0) =1
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Rational systems
m the input space U C R™
m the space of input functions
Upe = {u :[0,00) — U | u piecewise constant}

u=(0q,t1)...(ax,t) € Upc, 0j €U

m the output space R'

A rational system X is a quadruple (X,f,h,xo) where
m X is anirreducible real affine variety,
m f = {fy|a € U} is a family of rational vector fields on X,
m h: X — R" is an output map with rational components,
B Xg € X is an initial state.
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Reachability and observability

Definition
A rational system ¥ = (X,f = {fyla € U},h) is
m algebraically reachable from xq € X if

R (X0) = {X=(Tu;Xo,u) € X|u € Upc(X)} is Z-dense in X,

m rationally observable if Qups(X) = Q.

observation algebra
Aobs(z) = R[{h,fql7...’qih | I S N,GJ S U,J — 1,.. ,I}]

observation field
Qobs(X) = Qobs(X) = {pP/q | P,q € Aops(X),q # 0}
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Example

@Z.sz-z

p2 2®® ps=1 €2 - @2 p=1
o fto : Poe © 6@z
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X—R f (l+))§1+ )ax1+(l<~)>()%171j’2x2)m
x1(0) =x2(0) =1  h(xy,xz) = (&, 22)T

Algebraic reachability )
1 Tre
C = span{[Xy.[.... [X2.X1]. .. ]I}, Xq = (0), Xo € {( R ) ’((1))}

1+x1 1+Xo
dim C((x1(0), x2(0))) = dim (11 (1)) _2

Rational observability
Qobs(X) = R(hy,hy,fahy,fahy,...)

hl 1+X ) f(Ihl - ( h1+a)(1+x )2 = (1+X1) Xf € QObS(z) =X € QObS(Z)
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Example
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P: X1 P X,
P+ Xy Dt X,
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XP =R? w
p__ P1X1 P1X1 o P3X2 i
fo = ( p2-+Xxg +C(> + (pz-i—xl p4+x2) %, .
> €eR
hP(xq,xp) = (2o BsXe T (p). p
’ P2+X1? PatXo
p _ P _
X; (0)=x;(0)=1

Vs
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L Paramevized rational systems |
Parametrized systems

Parametrized rational system £(P) = {£(p) = (XP,fP,hP.xf)|p € P}:
m P C R® an irreducible variety - parameter set
m the same input spaces U C R™ and output spaces R'
m XP#£XP

Properties:
m structural reachability: Z-cl(x(xg)) =XPforallpeP\C
m structural observability: Qgps(X(p)) =QP forallpe P\ O

m structural canonicity: ¥(p) is algebraically reachable and rationally
observable for allp € P\ CO

m structurally distinguishes parameters:

.....

X = px
x(0)=1
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Example

P J¢ 2 2®0 &z 2
p p P ® p
— @00 @ 4@24?@@%}4@2 =
0@ 2@ 2 OLE @ e
XP =R?
P — p20+(a—p1)Xy 9 + P1PaX1—P2P3X2+(P1—P3)X1X2 9
a p2+X1 0xy P2P4+PaX1+P2aXatX1Xa  0Xp

Z(p),peP:R"’: p1X P3Xo \T
hP(x1,x2) = (pzl-‘rii’ 943:‘-)%2)

X}(0) =x3(0) =1

Y (P) is structurally canonical :
CO = {p € R*|(p1P2P3pa)(P2 +1)(P4 +1)(P1(pa +1) — (P2 + 1)) = 0}

¥ (P) structurally distinguishes parameters : D = {p € R*|pyp,psps = 0}

xP

p . 4fa fa fa fo p
fa1i 91:0,0-91:1,092:0,0:92:0.1 fa2 hP 0

—— p
R[ p2aaa7p17p271 5p1p47"'715p37p4515 1 ]:R[plap25p3ap4]:A
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Structured systems

Y (p),x(p) € X(P) are birationally equivalent if
m XP,XP birationally equivalent
J@: XP — XP, P : XP — XP rational s.t. o = 1yp, Wo@=1xp
mVo QP VaeU ff(¢op) = (fd)oo
m hPop=nhP
m @defined at xP, and ¢(x2) = x?

Y (P) is a structured system if for every p,p € P:

m XP XP birationally equivalent
m'p=p" = X(p),X(p) birationally equivalent
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Parametrized rational systems

Structured systems - example

Z(P) = {Z(p)Ip = (P1.P2,P3,Pa) € P =R*}
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Structural and global identifiability
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Structural and global identifiability

Can the parameters be determined uniquely?
Phenomenon __
Assumption: Vp € P : tpc € Upc(X(P))
— Parametrized rational system

A parametrization ? : P — ¥(P) is

| I dentifiability analysis

m globally identifiable if
Experimental design

| p = {(U,hP(XP(Tu;x2,u)))|u € Upc}
Experiments o
i is injective on P
Parameter estimation m structurally identifiable if
L System evaluation p— {(U,hp(xp(Tu:Xg,U)))IU € Upc}

is injective on P\S # 0
Rational system J \ 75
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Structural and global identifiability

Structural and global identifiability

Theorem
Let X (P) be a structured rational system which

m is structurally canonical (CO C P the smallest variety s.t. £(p) is
canonical for all p € P\ CO), and

m structurally distinguishes parameters (with D C P the smallest).
Then the following are equivalent:

m 7 : P — ¥(P) is structurally identifiable (with S)

mIG:COUDCGCPY,peP\G: X(p)<L x(p)

global identifiability:
m polynomial systems CO,D,S,G =0
m rational systems CO,D,S,G =W
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Proof
¢ structurally identifiable (with S) = 3G Vp,p P\ G: X(p ) A, X (p)

S CP:p {(uhP(xP(Ty;x5,u)))|u e fupc} injective on P\ S
G=COUDUS~GCP

p,p € P\ G = X(p),x(p) canonical + realizing the same data
(realization theory) = birationally equivalent (observability) = @ identity

3G Vp,peP\G: X(p) <L ¥(p) = 2 structurally identifiable (with S)

S =G, p,p € P\ S (realization theory + reachability) =
XP — XP QP = Qﬁ
Vo €QP, VaeU o =10o
hP = hP
xP =xp

(distinguishing parameters) = p =p
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Example (1)

@2.2 2 2@@ Xz 2 2
—~ 2ene® i®zi?®@@@ﬂ@2@ P
© JUIO) @ MO ® e

T(P) = {Z(p) = (XP,fP,hP x2)|p = (P1,P2,P3,Ps) € P = R*}

m structured rational system
m structurally canonical
m structurally distinguishes parameters

Theorem: _
?:P—>X(P)is vp,peP\(COUD):
structurally identifiable < (Z(p) AN rp)=09 identity)
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Example (2)

p.p €P\(COUD) = ¥(p), X(p) canonical =(p). ()
5 = birationally
VU € Upo : NP0 (Tuixo,u)) = hP(x P(TuiXo,u)) equivalent

Z(p) <% £(p) ~ 9= (1, 9) : R? — R?

(i) Vo € R(X1,X),Va e R : {8 (dop) = (f2d) o
(i) hP@= hP
(iil) @(x0) =x>

- (ii):>_P_1(91(X17X2) _ Pixs Ps®(X1X2) _ PsXe
P2+@1(X1,X2) P2+X1’ Pat@(X1,X2) Pa+x2

m (i) + (d(x1,%2) = x1) + (i) + (iii) = @1(X1,%2) = X1
m (i) + (d(x1,%2) = X2) + (ii) + (iii) = @2(X1,X2) = X2

= @(X1,X2) = (X1,%X2) = ? : P — X(P) structurally identifiable
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Concluding remarks

Results
m Structural and global identifiability
m Application to biology

Further research
m Structural distinguishability
m Determining numerical values of parameters
m Excitation of inputs
m Computational methods
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