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I. PARTICLE SYSTEMS IN 1D

x

ηt(x) Z

• Time-dependent system with exclusion rule

ηt(x) = particle number ∈ {0,1}

• Invariant measures:

Â one conserved quantity (density):
∑

x∈Z
ηt(x) =

∑

x∈Z
η0(x)<∞

Â equilibrium measures: product of Bernoulli’s = νρ(dη) ,

νρ
�

η(x) = 1
	

= ρ ∈ (0, 1).

• Markov process with jumps:

µ(t) = probability law of
�

ηt(x) ; x ∈ Z
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Example: porous media

• Rate to exchange η(x) and η(x+ 1)

r(η) = η(x)
�

1−η(x+ 1)
� �

η(x− 1) +η(x+ 2)
�

�

1
2
+

b
2nγ

�

• Time-invariant measures = Bernoulli νρ with ρ ∈ (0,1)

• Generator of the Markov process:

dµ
dt
= µL, and L=A+ S in L2(νρ).
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Example: porous media

Ø

1
2
−

b
2nγ

1
2
+

b
2nγ (b,γ > 0)

Weakly asymmetric

• Rate to exchange η(x) and η(x+ 1)

r(η) = η(x)
�

1−η(x+ 1)
� �
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�
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Specificities of the dynamics
• Blocked configuration:

No possible jump!

• Practical tool: mobile cluster = pair at distance ¶ 2

• rien

x y

1

sequence of moves to bring x→ y ??
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Specificities of the dynamics

• Blocked configuration:

No possible jump!

• Practical tool: mobile cluster = pair at distance ¶ 2

For any x, y that do not belong to the cluster, there exists an allowed
path that transports the cluster to the vicinity of x, y and uses it to
exchange η(x),η(y).
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Weight of blocked configurations

For x ∈ Z and ` ∈ N,

Λ`(x) :=
�

x+ 1, . . . , x+ `
	

= box of size `.

Â Good configurations

G`(x) :=
¦

η ; η contains a mobile cluster in Λ`(x)
©

Â Bad configurations

B`(x) :=
�

G`(x)
�c

Exponentially small weight

νρ
�

B`(x)
�

¶ (1−ρ2)`/2
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• Initial distribution: νρ (equilibrium)

Â Stationarity: for any t¾ 0, the law of ηt(·) is νρ

Â Diffusive acceleration of time:

Pρ = law of the process
�

ηtn2(·)
	

t∈[0,T] ⇒ Eρ
�

ηtn2(x)
�

= ρ

• Density fluctuation field:

Yn
t (ϕ) :=

1
p

n

∑

x∈Z
ϕ
� x

n

�

�

ηtn2(x)−ρ
�

ϕ ∈ S(R)

Â For each fixed time

Yn
t (·)

distr.
−−−→
n→∞

χ(ρ)W(·) W = white noise (CLT)

Â Limiting process for t ∈ [0, T] and n→∞ ??
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Previous result when b= 0

Ornstein-Uhlenbeck process (OU)
�

Yn
t (·) ; t ∈ [0, T]

	

converges to the stationary solution of

dYt = D(ρ)∆Yt dt+
Æ

2χ(ρ)D(ρ)∇(dBt)

where

Bt = Brownian motion and

D(ρ) = ρ

is the diffusion coefficient of the porous media equation

∂tρ(t, u) = 1
2∆
�

ρ2
�

(t, u), (t, u) ∈ R+ ×R.

[Gonçalves-Landim-Toninelli 2008]
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II. BOLTZMANN-GIBBS PRINCIPLES (BG)

• Remember:

Yn
t (ϕ) =

1
p

n

∑

x∈Z
ϕ
� x

n

�

�

ηtn2(x)−ρ
�

⇒ Mn
t (ϕ) = Yn

t (ϕ)−Yn
0 (ϕ)−

∫ t

0

n2L
�

Yn
s (ϕ)

�

ds

• Density current:

Â Conservation law:

L
�

η(x)
�

= −∇
�

jx,x+1

�

= jx−1,x(η)− jx,x+1(η)

Â Integral part:
∫ t

0

n2L
�

Yn
s (ϕ)

�

ds=
n
p

n

∫ t

0

∑

x∈Z
ϕ′
� x

n

�

jx,x+1(ηsn2) ds
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• Decomposition of the current:

jx,x+1(η) = ∇(hx)
︸ ︷︷ ︸

gradient

+
b

2nγ

§

η(x)η(x+ 1)
︸ ︷︷ ︸

polynomial

+η(x)η(x+ 1)η(x− 1) + ...
︸ ︷︷ ︸

degree 3

1. GRADIENT PART ∇(hx): FIRST-ORDER BG
• Second integration by part:

1
p

n

∫ t

0

∑

x∈Z
ϕ′′
� x

n

�

�

ηsn2(x)−ρ
	

︸ ︷︷ ︸

close the equation

ds=

∫ t

0

Yn
s (ϕ

′′) ds

• The asymmetry disappears when γ > 1
2 :

Eρ

�

�

∫ t

0

b
p

n
2nγ

∑

x∈Z
ϕ′
� x

n

�

Px(ηsn2) ds
�2
�

−−−→
n→∞

0.

Not true for γ= 1
2 !!
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∑

x∈Z
ϕ′′
� x

n

�

�

ηsn2(x)−ρ
	

︸ ︷︷ ︸

close the equation

ds=

∫ t

0

Yn
s (ϕ

′′) ds

• The asymmetry disappears when γ > 1
2 :

Eρ

�

�

∫ t

0

b
p

n
2nγ

∑

x∈Z
ϕ′
� x

n

�

Px(ηsn2) ds
�2
�

−−−→
n→∞

0.

Not true for γ= 1
2 !!
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2. POLYNOMIALS: SECOND-ORDER BG [Gonçalves-Jara 2014]

where

η(x) = η(x)−ρ, η`(x) =
1
`

x+
∑̀

y=x+1

�

η(y)−ρ
�

.

• Proof of [Gonçalves, Jara, Sethuraman 2015]

Â Rates bounded away from 0

Â Multiscale analysis using the spectral gap

Â Proof for every local function
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Limiting process for γ= 1
2

Stochastic Burgers Equation
�

Yn
t (·) ; t ∈ [0, T]

	

converges to the unique energy solution of

dYt = D(ρ)∆Yt dt− 2b∇
�

Y2
t

�

dt+
Æ

2χ(ρ)D(ρ)∇(dBt).

• Energy solutions: [Gonçalves, Jara, Gubinelli 2014]

• Uniqueness result: [Gubinelli, Perkowski 2015]

• New proof of the second-order BG without spectral gap:
[Franco, Gonçalves, S. 2016]

• New applications to different models:
Â Hamiltonian oscillators
Â Exclusion processes with slow bonds

(−→ Talk of Patricia Gonçalves)
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Thank you for your attention!


