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e |dea of periodic homogenization

S. Dobberschitz

The concept .
Rl e 2 different scales:

mogenization
Macro-Scale

* Size of cm — km
* Modelling is complicated
e Simulations are possible

Flow in Porous
Media

Boundary
Conditions

Planar Boundary

Curved Boundary

Results

Micro-Scale

e Size of nm - mm
* Modelling is possible

e Simulations are
complicated/impossible

SEM image of chalk Main interest: .
How to get from the micro- to the
macro-scale?
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Idea of periodic homogenization

The mathematics
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Periodic Ho-
mogenization
Flow n Porous . . e=1 ¢ Choose a sequence of
edia
. scale-parameters e > 0
oundary
P l ¢ Fill the domain of interest with
aredtaniy | o o @ @ e-scaled versions of a reference cell
Results e=% Y _ [0 1)n
0 00 o
l e ¢ fixed: Problem of the form
o000 O0OGOS £, £
eeccoccoe __, Lfu® =f
=%
o000 O0OGOOS
0000000

| * We are looking for u® and L°, such
that v* — u® fore — 0 and

L0 =f

L8, £0: differential operators
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Mathematical methods
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Periodic Ho-
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Flow in Porous

Media

Boundary Methods for deriving the limit equation:
Conditions

Planar Boundary * Asymptotic expansion

Curved Boundary

Results

U (X) = Uo(X,y) + eur(x,y) + Eur(X,y) + ... [y—=

€

insert in equation; calculate uo, uy, ...

» Two-scale convergence
* Periodic Unfolding
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Mathematical Description of Fluids

Stokes-Equation
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Flow in Porous
Media

* Incompressible free flow
* Small Reynolds number

Boundary
Conditions
Planar Boundary

Curved Boundary

Results

—uAu+Vp=f
div(u) =0

* Incompressible free fluid in a
porous medium

 Effective velocity

1
u=—-K(f-V
u( p)

div(u) =0
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S. Dobberschitz The Boundary Condition Of Beavers and
Periodic Ho- Joseph

mogenization

Flow in Porous
Media

Boundary Free Fluid Region

Conditions

Planar Boundary

Beavers/Joseph '67

Curved Boundary

Velocity normal to T is
continuous.

Results

Velocity tangential to
has a jump:

(VF — VD) - T

= lK%(Vv,:v) ‘T
e Only for straight interfaces a
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Background
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Periodic Ho
mogenization

fowinroos:  Beavers & Joseph '67  Derivation of the BC
e via experiments

Boundary

Conditions ll
s Saffman '71 Proof via
Results stochastic arguments

Jager & Mikelic '96  Preparatory constructions
based on homogenization

I
Jager & Mikelic '00  Interface law for f=0

4

Marciniak-Czochra  Interface law for general f
& Mikelic '12
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Periodic Ho Domaln:
mogenization h R
eference cell:
Flow in Porous
Media
(0N Y

Boundary A
Conditions
Planar Boundary 0 > L
Curved Boundary 'R XX
Results o0 .(’s. o0

XEEZEX Y

0o 00000 !

-KT

—AUf +Vpt=fin Q°
divu* =0in Q°
u* =0o0n 0%\ ({x1 =0} U {x; =L})
ut, p* are L-periodic in x;

fe C>(Q)?, L periodicin x;.
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First approximations
Maciniak-Czochra/Mikelic (2012)
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Periodic Ho
mogenization

FIUCCE |mpermeable interface approximation

Soundey —A°+Vp° =fin Oy
i divu® = 0in O
Results u’ =00nd0\({x; =0} U {x; =L})
u®, p° are L-periodic in x; 0,
0 3 L
gl
div(A(f— Vp°)) = 0in O, K;;;f;;;
pD=p°+Cb’3 (x1,0) on T ‘

A(f—VpP)-e; =00n {x, = —K}
pP is L-periodic in x;
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e Auxiliary Problem: Boundary Layer
Jager/Mikelic (1996)
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Periodic Ho:
e —0,8% + V0 = 0inZtUZ
Ejidy i div,g¥ =0inztuz-
onditions
e 1el B”)s(-,0)=00ns
o] [(Vy B — w)ea]s(-,0) = ey on S
o0
z B’ =0on UaYs—G)
k=1
® g% ware 1-periodic in y;

Exponential stabilization

Define ¢ = fo '(y1,0) dy,, C = fo ®(y;,0) dy;. Then 3C,y, > 0
such that

8% (y1,y2) — (€2, 0)| < CeYobal B n,ya)] < Ceel
|wbI(Y1 Y2) — CZ,’| < Ce Vol |o)b’(y17y2)| < Ce Yol
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e Auxiliary Problem: Boundary Layer
Jager/Mikelic (1996)

S. Dobberschitz

Periodic Ho:
e —0,8% + V0 = 0inZtUZ
Ejidy i div,g¥ =0inztuz-
onditions
e 1el B”)s(-,0)=00ns
o] [(Vy B — w)ea]s(-,0) = ey on S
o0
z B’ =0on UaYs—G)
k=1
® g% ware 1-periodic in y;

Exponential stabilization

This leads to the estimates

HB’” (P 0HM)|| <ce
12(0)2

bl X\ bl bl 1

w”(=) — CQH(x2) +||VB < Ce?
& 12(q) 2%
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Numerical Simulations
(from Jager, Mikelic, Neuss 2001)
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Periodic Ho-
mogenization

Flow in Porous
Media

Boundary
Conditions

Planar Boundary
Curved Boundary

g%, BY decay to 0
inZ-

Results

* % decays to 0 in
yas

* g% decays to
' <oinzt
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Auxiliary Problem: Counterflow
Jager/Mikelic (1996)
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Periodic Ho-
mogenization

Flow in Porous
Media

Boundary
Conditions h

Planar Boundary

Curved Boundary
Results Q" —Auo + v 770 - 0 in Q‘]
div(u®) = 0in Q

0 2 L
® 06000 00 Uo:Oon(O,L)x{h}
o0 0900 0 o
u’=e,onx
AR AR . o o
POLXX XXX u’, m° are L-periodic in x;
&
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Jager/Maciniak-Czochra/Mikelic
Periodic Ho
mogenization

0 — (B - (L 00) S .0
C:;i:"lzo:u:if;ﬂ —eC? guo (x1,0) - u%(x) + O(€?)
) = P HO) + PP H(x2) — (w(5) — HO)CE) Gt 0,0
—ec? 3“1 (1,0) - 1°H(x2) + Ole)
On x:
= B0 ,0) 4 09

Averaging the rlght hand side, we expect the following effective

behaviour "
us
eff ECb/ 1

up = " ox,

(X],O)
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et Effective Fluid Behaviour
Maciniak-Czochra/Mikelic (2012)
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ogenization
Flow n Porous —auf 1 vpf = fin q
divut=0in 0y diviA(f - vp*) = 0in 0
/Q pdx =0 peft — peff 4 cg'%L)fﬁ(x1 ,0)ons
uef — 0 on (0,L) x {h} A - Vf?eff)|{XF_K}2. oo
uSt=o0 usf + sC?’aau—jﬁ =0onx pe is L-periodic in x;
2
usff, pe are L-periodic in x;

|lu® — UeHHLz(m)z < Ce3, p¢ — pff strongly in 12(Q,)

lu® — us™| +1p° = Pl oy + V(0 = ) iy < Ce

1
H2 (01)2

1 . .
SU —A(f- vpef) — 0in L2((0,L) x (=K, —6))¥6 > 0
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Coordinate Transformation
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Periodic Ho-
mogenization
Flow in Porous h
Media
~
Boundary Q]
Conditions (P Q1
Planar Boundary ~
Curved Boundary 0 )3 L /\ 0 5 L
0 000 00
Results
[ I ] o 00 ~
EEE AR Q,
e 000 00
-K =

g € C*(R) L-periodic: Function describing the interface ¥

p:Q0— 0
= ()= (o o)
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e Transformed Differential Operators
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Periodic Ho
mogenization

fowinroross  F — Jacobian matrix of the transformation ¢

Media

Boundary

Conditions F 1 0
Planar Boundary (Z) — /(z ) —I
Curved Boundary g (Z

Results

Denote coordinates in Q by x = (x1,x2), in Q by z = (z1,2;)

Lemma (Transformation Rules)

Let¢:Q — R, j: Q — R? be sufficiently smooth. Define
c(2) == c(y(2)) and j(z) := j(¥(2)), then

e Vyc=FTV,c

o div,(j) = div,(Fj)
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Transformed Stokes-Equation
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Periodic Ho- —le(F71F_Tvu£) + F—Tva = f
mogenization

Flow in Porous diV(F71u£) = 0
Media 7
Boundary u = 0
Conditions

Planar Boundary

Curved Boundary

Results

1931




e Transformed Stokes-Equation
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periodic Ho —div(F "FTVuE) + FTVpf =f in Q5
mogenization

Flow in Porous diV(F71U£) =0 in Q;
Media

Boundary u*=0 on 005

Conditions

Planar Boundary

LU Theorem (Transformed Darcy's law)

Results
It holds &5 — ug in L2(Q;)%, p* — po in L2(Qy) with

Uo=A(f—F "Vpy) inQ,
div(F'ug) =0 inQ, Aj(x) = /w]’:(x,y) dy € R?x2
up-F'v=0 onoQ, Y
Parameter dependent cell problem
—divy (FT0)F T(x) Yy W (x,y)) + FT(x)Vy ' (x,y) =& inY*
divy(F ' ()W (x,y)) =0 inY*
wi(x,-),m'(x, ) are Y-periodiciny,  w/(x,y)=0 inY;s
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Transformed Stokes-Equation
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pridic o —div(F '"FTVE) +F Tvpf=f inQ°

e div(F 'u) =0 ingF

=0  onda\({x =0}U{x =L}
P ut, p® are L-periodic in x;

Curved Boundary

Results
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First Approximations

S. Dobberschitz

eriodic Ho.

:chmz:t\on - - -

E Impermeable interface approximation

Media

Boundary - diV(Fi-IFiTv uo) + F*Tvpo = fin Q‘]

Conditions

Planar Boundary diV(F_1UO) =0in Q‘]

Curved Boundary

Results uO = 0 on aQ-I\({X-I = 0} U {X-I = L})

u®, p° are L-periodic in x;

div(F'A(f— FTVpP)) =0in O,
PP =p°+C’onz
A(f—FTVpP)-e; =00n {x; = —K}

7° is L-periodic in x

20131




e Auxiliary Problem: Boundary Layer
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8% (x), w(x) are 1-periodic in y;

il —divy (FT0)F T (x) Yy B (x, ) + FT(x) Yy w®(x,y) =0 inQxZ
mogenization
Ao Rerrs 7+ divy(F' ()% (x,y)) =0 inQx2Z
Media
Boundary [Bbl(x)]s(y) =0 on Q X s
Conditions . . o
[(FT00F T (x) Vy B () = F~" (0)w® (x))eals (v)
urved Boundar, S
N = F ' )F T(x) Vu’(x1,0)e; onQ xS
esults
o - o
bl _ _
o B0cy) =0 onax (J{avs - ()}
V4 k=1
o
o

Exponential stabilization

Define C”(x1) = [ B”(x1,y1,0) dy1, CJ(x1) = [ w”(x1,y1,0) dys. Then
3C,y, > 0 such that inzt inz
1B (x1,y1,2) — C(x1)] < Ce vl 8% (x1,y1,y2)| < Ce o]
lw®(xa,y1,y2) — Cl(xa)| < Ce o2l W (1,1, y,)| < Ce Yo
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e Auxiliary Problem: Boundary Layer
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8% (x), w(x) are 1-periodic in y;

il —divy (FT0)F T (x) Yy B (x, ) + FT(x) Yy w®(x,y) =0 inQxZ
mogenization
Ao Rerrs 7+ divy(F' ()% (x,y)) =0 inQx2Z
Media
Boundary [Bbl(x)]s(y) =0 on Q X s
Conditions
[(FT00F T (x) Vy B () = F~" (0)w® (x))eals (v)
urved Boundar, S
N = F ' )F T(x) Vu’(x1,0)e; onQ xS
esults
o - .
bl _ _
o B0cy) =0 onax (J{avs - ()}
V4 k=1
o
o

Exponential stabilization

This leads to the estimates
X X X
18%(x, 2) = € )H(2) 202 + 1607, 2) = €/ HOR) ey + 19y B 2l 2 ays

X . S X 1
+17(B(x 2) = €0 H0@)) 2 s + 1l (FFT Ty B, 2) 202 < Ce3
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Periodic Ho

mogenization

Flow in Porous Q'I

Media

Boundary b3

Conditions 0 L
® 000 0 00

Planar Boundary

Curved Boundary [ N J .(’e. [ N}

Results ® o0 L J

K 0o 00000

&

Counterflow

—divF " )F Tx) VU’ (x)) + F T () Va°(x) =0 inQy
div(F'(x)u°(x)) =0 iny
) onZX
0 on(0,L) x {h}
u?, m° are L-periodic in x;
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Idea of the proo
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Periodic Ho
mogenization

Flow in Porous

Media

UE(x) ~ uO(x) — e(ﬁb'(x, ’E-‘) - cb’/-/(xz)) + el (x) + O(e?)
Planar Boundary X

pF(x) ~ PP ()HOx2) + PP (OH(—x2) — (0”'(x. 7) — HOa)CY)
esults

—em’H(xa2) + O(e)

O Insert in weak formulation
® Control the errors

© BUT
Divergence free test functions required
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Periodic Ho — diV(F_lF_Tv ueﬁ) =+ F_Tvpef‘f =fin Q‘]

mogenization

i e div(F'u*™ = 0iin O

Media

divA(F— FTvp ) =0inQ,
S, [ dx=o0 5 4 on
Planar Boundary [o}]

Curved Boundary

—T o =eff
" =oon (0,0)x{ny |AFF VBT =y €2 =0
Results ?
e —0ons pef is L-periodic in x;

u®, p* are L-periodic in x;

p¢ —s p° strongly in L2(Qy), [|uf — u®| 20 2 < Ce3
lu® — s + 0% = P @y + 19U = )|,y < Ce

1 _ :
E—Zuf —A(f—F'Vp%) — 0inL?((0,L) x (=K, —6))V6 > 0

1 .
E(ug —ut) — 0in L2(3)

1
HZ (01)2
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Boundary
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Planar Boundary

Curved Boundary

Results
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Conclusions

e BC of Beavers-Joseph-Saffman for periodically
curved interfaces

* Geometry of the interface influences boundary
condition

Questions:

¢ How to obtain local information for
non-periodic geometry

¢ Numerical simulations
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i Thank you for your attention!
mugcmzat\on

Flow in Porous
Media

S [@ s. Dobberschitz:

o Effective behavior of a free fluid in contact with a flow in a curved
porous medium.
SIAM J. Appl. Math. 75 (2015)

Results

@ S. Dobberschtz:
On the Beavers-Joseph-Saffman boundary condition for curved
interfaces.
arXiv 1504.05680

@ A. Marciniak-Czochra, A. Mikelic:

Effective pressure interface law for transport phenomena between
an unconfined fluid and a porous medium using homogenization.

Multiscale Mod. Simul. 10 (2012)

26/31




UNIVERSI OF COPENHAGEN FACULTY OF SCIENCE

YEP Eindhoven

S. Dobberschitz

27131




et Cell Problem and Parameter-Dependent PDEs
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For fixed x € Q, solve

— divy (F T ()F () VW (x,y))+F " (x) Vyr'(x,y) = f(x)  inY*
divy (F ' (x)W(x,y)) = 0 in v*

w'(x,y) =0 inYs
wi(x,-),m'(x, -) are Y-periodic in y

A
‘ Properties with respect to x?

Y




e Cell Problem and Parameter-Dependent PDEs
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Construct an operator
AR x [Ho 4 (Y*)? x L (Y* ( )/R] (Ho4(Y)?)" x Lg 4 (Y")

(= div, (F u) + FT(x) Yy p — f(x)
= (O )

Lemma

A is continuous, the total derivative D,,A is continuous, and
(DypA(x,u,p))~" exists as a continuous linear operator.
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e Cell Problem and Parameter-Dependent PDEs
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Implicit Function Theorem for Banach spaces can be applied:

Proposition

Assume that F is m-times continuously differentiable and that
feCm(Q,L%(Y)).

Then the solution (u, p) of A(x,u,p) =0 is in

C™(Q, [Ho 4 (Y*)? x LL(Y*)/R]),

i.e. u(x,y) and p(x,y) are m-times differentiable in x.
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e Cell Problem and Parameter-Dependent PDEs

S. Dobberschitz

Implicit Function Theorem for Banach spaces can be applied:

Proposition

Assume that F is m-times continuously differentiable and that
feCm(Q,L%(Y)).

Then the solution (u, p) of A(x,u,p) =0 is in

C™(Q, [Ho 2 (Y*)? x L% (Y*)/R]),
i.e. u(x,y) and p(x,y) are m-times differentiable in x.
Explicit formula for derivatives
DX(uvp)(X) = _DUP‘A(Xa U(X),p(X))71 © DxA(X7 U(X),p(X))

~» Oy, (u,p) and 9y, (u, p) fulfill transformed Stokes equation in Y*,
with adjusted right hand sides

3031




Fluid velocity
and pressure
uE.pE

Cell Problem
w

Porous
Medium

Darcy
Pressure
p

Velocity
Corrections




Divergence
Corrections

Pressure
Corrections

Fluid velocity
and pressure
ué, p*

Velocity
Corrections

Cell Problem
w

Darcy
Pressure
P
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