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Models in data-driven optimization

max
x∈X

E[r(x ,Y (x))] = max
x∈X

∫
r(x , y)dFY (x)(y)

x decision variable, X admissible decisions
Y (x) random variable, supported on Y.
FY (x) unknown cdf of Y(x)
r : X × Y → R reward function
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A model M describes the unknown cdf’s FY (x) for all x :

M = {Fx ,θ cdf on Y | x ∈ X , θ ∈ Θ}

where Θ may be infinite dimensional.

If Fx ,θ∗ ≡ FY (x) for some θ∗ ∈ Θ, then M is correctly specified.
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Data is a set d ∈ (X × Y)n, for some n ∈ N.

Decision x Observation of Y (x)

x1 y1
...

...
xi yi
...

...
xn yn



An estimator maps data to parameters:

τ : (X × Y)n → Θ

An optimization algorithm maps parameters to decisions

χ : Θ→ X

Typically, χ(θ) maximizes the reward as function of θ
Sometimes χ is an heuristic.

Model M + data d → estimate τ(d) → decision χ(τ(d)).
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Now we have K + 1 models

M(k) = {F (k)
x ,θ cdf on Y | x ∈ X , θ ∈ Θ(k)}, k = 0, 1, . . . ,K ;

‘complex’ model M(0) with estimator τ (0) and algorithm χ(0),

‘simplified’ models M(k) with estimator τ (k) and algorithm χ(k),
k = 1, . . . ,K .

and a data set d0.

Which model should we use?
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Assume M(0) is correctly specified, with true but unknown parameter θ∗.

Write r(x , θ) =
∫
y r(x , y)dF

(0)
x ,θ (y) for the reward function under M(0).

Model k suggests decision x (k) := χ(k)(τ (k)(d0)), for each k .

Goal: estimate

arg max
k∈{0,1,...,K}

r(x (k), θ∗)
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does not work, since typically x (0) maximizes r(·, τ (0)(d0)).

Our proposal:
draw a new data set, according to τ (0)(d0);
re-estimate θ∗ based on the resampled data set;
replace θ∗ in (1) by the re-estimated parameter
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Gain r(x(1), θ*) - r(x(0), θ*) is increasing 
(up to a point) in Var(θ0) 
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Example: Newsvendor problem
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∫ x

0
(x − y)dθ(y) + b

∫ ∞
x

(y − x)dθ(y) (h, b > 0)

Unknown cdf θ(·) of the demand Y .
Data: y1, . . . , yn ∼ Y .

Model M(0): nonparametric.
Estimate θ by empirical distribution function.
χ(0)(θ) := inf{z ≥ 0 : θ(z) ≥ b

b+h}.

Model M(1): assume demand is exponentially distributed.
Estimate θ by y 7→ 1− exp(−y/ȳ).
χ(1)(ȳ) := −ȳ log(h/(b + h)).
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Experiment A: Y ∼ lognormal with mean m, variance v
m ∼ U(0, 5), v ∼ U(0, 25).

Experiment B: Y ∼ lognormal with mean m, variance m2

m ∼ U(0, 5).

Experiment C: Y ∼ exponential with mean m
m ∼ U(0, 5).

For each n ∈ {10, 50, 100, 500, 1000} run 10000 simulations.
Apply DBMS, CV.
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Consistency
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Example: Assortment optimization



maxx⊂{1,...,m}
∑

i∈x riθi ,x

ri revenue of product i = 1, . . . ,m.

θi ,x probability that consumer selects i from assortment x .

Data x1, y1, . . . , xn, yn;

Model M(0): nonparametric.
Estimate each θi ,x by (adjusted) relative frequency.
Optimization: brute force (small m).

Model M(1): multinomial logit model.
Assume θi ,x = exp(vi )/(1 +

∑
j∈x exp(vj))

for some v1, . . . , vm ∈ R and all i , x .
Estimate v1, . . . , vm by maximum likelihood estimation.
Optimization: brute force (efficient algorithm).
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Experiment A: Draw each (θi ,x : i ∈ x ∪ {0}) from the simplex of
appropriate dimension.

Experiment B: Parsimonious Generalized Attraction Model

θi ,x =
exp(vi )

1 +
∑

j∈x exp(vj) + η
∑

j /∈x exp(vj)
, η, v1, . . . , vm ∼ U(0, 1).

Experiment C: Multinomial Logit Model

θi ,x =
exp(vi )

1 +
∑

j∈x exp(vj)
, v1, . . . , vm ∼ U(0, 1).

Set ri = 100i/m, i = 1, . . . ,m.

For each n ∈ {10, 20, 50, 100, 200, 500, ..., 50000} run 10000 simulations.
Apply DBMS, AIC, CV.
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DBMS and CV can significantly outperform AIC

AIC can outperform DBMS and CV

All three can improve significantly upon a fixed model M(k)

DBMS ♥ M(0) CV ♥ M(1) AIC ♥♥ M(1)
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