A perceptron version of the GREM,
and some applications

Nicola Kistler, University of Bonn

joint with Erwin Bolthausen, University of Zurich



1.

2.

3

Outline

aDR: Additive Derrida-Ruelle cascades

Derrida’'s GREM

. A perceptron version of the GREM

. An application: GREM+4Cavity



1. Additive Derrida-Ruelle cascades (two levels)
e Parameters O < mj < mo < o0

S (:c]ll,jl e N) Poisson Point Process PPP(e—mlt)

e Given ji, (] l,lEN) PPP(e—mztdt)

e z1 22 independent

o ( o l,l € N) independent for different j;

aDR(m1,m>) PP (zj;5 €N?)  azj=a} +a2



A badly formulated conjecture
the geometry of extremes

Given a configuration space Xy, f#Xy =2V

Random field {Xa}anN' say gaussian

cov (Xa,X,) = Nf(a,d'), f:XZnyxXZy—[0,1]

CLN d:efE man XO' + O(N)

1imN—>oo Zo' 5Xa—aN — aDR



2. Derrida’'s GREM (two levels)
Hamiltonian Xa = Xaq T Xaq,as
e Configurations a = (a1, an) fay; = 2N/2

iid

o Xo, " N (0, Nay) Xoq.0n © N (0, Nay)

e ajt+a>r=1, (W.l.o.g. 0<ayj<ar<1)



Thm. [Bovier-Kurkova ’'04]

lim (Xa — a’N)a — aDR (/81752)

N—o0
Idea behind proof.
e Extreme value Theory: (Xal — ag\})) — PPP (e—ﬁltdt)
]

e Also, for fixed aq : (qu,az — ag\%)) — PPP (e—ﬁztdt)
a2

Thus, very plausible that

Xy —any = (Xal — a%P) + (Xoél,oé2 — ag\?)) — :zzjl.l—l—:I:JQ-l’j2 = aDR(31, (2)

Crucial property: linearity



3. A perceptron version of the GREM

e Configurations a = (a1, as), aj,as =1,...,2N/2

d [X] 17
o (XapirXapani) ¥ n=pm®up  “well-behaved

e $:R2 R  “well-behaved”

Yo = Z,fil ¢ (Xal,i; XOéLOéQai)

Rem. Linear ¢(xq1;2x2) = x1 + o, p gaussian & GREM



e Empirical measure Ly sz_l Xoy.iiXaq.an

o Free Energy  fn(¢) = +l0g¥, [expf qb(w)LN,a(dw)]
e v & M(R?) distribution on R2, (1) projection on 15t-coord

e H(-| u) relative entropy

Thm. Gibbs Variational Principle - GVP  f(¢) = limy_ fn(0)

log 2
— sup {/cbdv—H(V\u)ZH(V(”\M(”)S g ,H(V\u)élog2}

ve M(RR?)




For mq,mo € Ry, construct

s1(e1) = ——log [ ™21y (dz)
m2

6o =109 / e™191(2) 1 (dz)

log 2 log 2
P(mi1,mo) = ¢o + J + J
2m1 2m2

T hm. Parisi Variational Principle - PVP

f(¢) = o<m1ig7@2§17)(m1’m2)

Def. Low-temp if inf achieved in 0 < m1 < my< 1 (might
not exist, depends on the choice of ¢, u)



Recall
N

Yo = Z ) (onl,i; onl,ozg,i)
1=1

Thm. Emergence of aDR IF in low temp
(Yo —apn), — aDR(my,m>)

e ay = Nf(¢) +O(log N) = Emaxqy Yo + O(log N)

e m1,mo extremals in Parisi VVariational Principle

(m1,mo) =arg _inf.  P(my,mo)
O<mi<mo<1



Sketch of the proofs. Free Energy. By Second Moment
on empirical measures

f(qs):sgp{/qsdu—H(ulu):

H (1/(1) | 'u(l)> < |O§2, H(v|p) <log 2}

Candidate extremal measure: Gibbs-like

dGimy mp (21, 20) ~ €M191(71) 5 em20(T1,72) ) (dy | dary)



Link GIBBS — PARISI: with these measures

1 1 log 2 log2 log?2
H (Ggﬂbf,% | )) <= Om, {¢o+ oy T 2y [ <O
<«—>
log2 = log?2
H (Gimny.my | 1) < 1092 e - e
2m1 2m2

(In low temp, equality on both sides)

Corollary.
e (m1,mp) PVP-extremal = Gimy.m, GVP-extremal
e Parisi order parameter (m1,m>) = inverse of tempera-

tures for extremal measures in GVP



Energy levels. Under aDR-conjecture one expects

1 2
Yo = Z¢( ozlw alag,)NYOgl)_FYOgl)OQ

Natural guess: recover linearity through telescop sum

Ya—Z/Qb 1,00 Y )sz(dy|Xalz)+

Z_

{Z gb( Q1,0 Oélaazai) — ;/Cb (Xal,iay> Gmg (dy | Xal,i)}

mzcb(Xal,i,wz)

where Gmo (daf;z | Xal,i> ~ e o (dzo)



...Is WIRONG: need to adjust through
random temperatures

N

Z / al Y m2 (dy | XOél Z> _I_
1=1
N

{Z (041’&’ 041042@ Z/qb 0417») mg(dy|on1z)}

How to construct m»> = mo(aq) = mo (Xal,l, . ,Xal,N)?



e Solution to quenched entropy condition

1 XN log 2
Ni;H (sz (-1 Xa.) ‘“2) T2

e Equivalent: minimizer of quenched Parisi Free Energy

_ | log2 1 M1
mo = arg mfogggl{ 5 + ~ > =log Eu, expse (Xal,z-, ) }
S =16

= state a1 chooses random temperature for 2Nd_|evel
through MINIMUM Likelihood Estimation



Thm. Self-averaging of random temperatures
N
1 - log N 1
: _Z ~ (D) _ N — il
]:P) laal * N /L=1 5Xa1,i ~ Gmlamz’ ‘mQ(al) mQ‘ Z N ] - O (N)

Proof. CLT for MLE [Bhattacharya-Ghosh '75]

N
Yo — ay = {Z / ¢ (Xawiry) Gina (dy | X, i) — a§&>} +
=1

N
+ {Z (¢ (Xawi> Xawani) — /MX‘“”"’y) G (o | Xal’i)) ) aﬁ)}

=1

Taylor+Edgeworth expansions = convergence to aDR



aDR as universal objects: convergence holds for

e any well behaved function ¢ (say Cso, decaying suffi-
ciently fast: [e du < oo for all \)

e any well behaved underlying distribution p (say non-
lattice, Coo-density)

e any finite number of levels

Rem. In fact, likely to hold also for hamiltonians Y, =
D (LN@) with Ly o empirical measures, under some smooth-
ness condition on &, say Fréchet diff'ty. (Analysis very
cumbersome - done only for free energy.)



4. An application: GREM4-Cavity

Thm. [Aizenman-Sims-Starr '03]

“aDR -+ cavity field = Parisi Solution for SK”

Natural (?) limy_ o [GREM(N) + Cavity(N)] = (?) i.e.

N
Hamiltonian Hy(o,0) = Xa+ Y 9a.i0i o, = +1
i=1

o Xo=Xa, + -+ Xa...ap = K-levels GREM

iid
® Ja,i — Yo, + -+ Jdaq,...,a k1 9aq,...,a5,0 ™ N (O, an)



In(B) = N log Z ePHN(0) & Iog Z oBXa+ " logcosh(Bgq,i)

Perceptron GREM ¢(z,y) = Z,{(zl Bx; 4+ log cosh (Z{il ﬁyi)
Thm. Parisi Formula for free energy

£(3) = lim fx(8) = min {GREM(@ z) + P(0,0; , x)}
reX

with P = P(q,vy; 3,x) solution of

1 1
9qP + 58§P + () (0yP)2 =0, P(1,y) = log cosh(3y)



Gibbs measure.

o Ggn(ao)=00Md) (=30 0 (DG N (e, 0)

o Aa == {(oz,a) ol {:l:l}N}

Thm. Pure States. 3 3.+ s.t. for 38 > Bt

explx;] d) _ . .
Aa — J — -
{QB,N ( )}a (Zj/ exp[:z;j/]) Poisson-Dirichlet




Ising spin overlap qn(o,0') = %Zi Uz'Uff

GREM-overlap d(o, o)) =k iff oy =0, i <k

(V8.0.N = X(a.0) (o0 (DG N(,0)Gg n(a,07)
T hm. Ultrametricity and Chaos in temperature.

o d{q;,7=1...K} s.t. for B> Berit

2
E <1d(a,a’)=j (qN(a, O'/) — qj> >ﬁﬁ N — 0

i FOF/B # /6/7 67/6/ > BCI’[T.': E<5a:a/>ﬁ,ﬁ’,]\f — 0

Thus a = oa(8)!



