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|
Problem Formulation

@ An underlying Lévy process (Xt)i>o

@ Observations at equally spaced discrete times:

XO: XA7 o 7XnA7
where A > 0 is fixed.

Problem
Determine the “degree of activity” of the jumps, when the number of
observations n — co:

@ finitely many jumps ?

@ or, if infinitely many, how ‘infinite” is it ?

v
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|
Exponential Lévy Models

St = So exp(rt + Xt),

where X; is a Lévy process, i.e.

@ X, — X; is independent of F; for u > t,
@ X, — X;is distributed as X,_; for u > t,
@ forany e > 0,

lim P(| X — Xi| > €) = 0.
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|
Lévy-Khintchine Formula

It holds for «(u) := t~"log(¢¢(u)), where ¢:(u) = E exp(iuX;)

2 oo
Y(u) = —%Uz + I"yU—I—/ (e’“x —-1- I'UX1{|X‘§1})V(dX),

v({0}) = 0, /R (Ix[2 A 1)w(0x) < o,

T = (o,v,v) — Lévy triple of X : X ~ L(o,7,v).
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|
Jump Activity Index of a Lévy Process

Let X; be a Lévy process with the Lévy measure v. The value

a:inf{rzo:/ X|r1/(dX)<oo}
|x|<1

is called the degree of jump activity or the fractional order of the
Lévy process X;

@ if X; is a stable process, then « is the stability index of X,
@ if X; has finite activity, i.e. v[—¢, ¢] < oo, then av = 0,

@ if X; has infinite activity and v((—oo, —¢] U [¢, 00)) = 7(e)|e| .
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-
Lévy Processes with Asymptotically Stable Behavior

Lévy processes with asymptotically a-stable behavior (AS)

Y(u) = iyu— o?u? /2 +9(u), I(u) = —nlu/*r(u), ueR,

where

0 <a<2-—index of AS, Ren >0,

Rer(u)>0, |u/>0 and 7(u)—1, |ul— .

Denis Belomestny (WIAS) Estimation of the Degree of Jump Activity Eindhoven, 16 July 2009 6/26



-
Lévy Processes with Asymptotically Stable Behavior

Let v(x) be the Lévy density of AS Lévy process with

T(u)=1+Diu "+ o(|lu™), u— £oo.

Then

/ x2v(x) dx = ce®7%f(e),
|x|<e

where ¢ > 0 is a constant depending on « and the function 6(¢)
satisfies

0(e) = 1[ S [el", e —0.
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-
Examples

Normal Inverse Gaussian (Barndorff-Nielsen)(a = 1)

(u) = c [ = (B+w)?)' 2 (2 - #)'2], 0>18>0

Hyperbolic (Eberlein)(a = 1)

0 KVt R
¢(U)* K1(05) \/m 3 9/(5>0

Tempered stable (Carr & Madan)

I(U) = el (—a)AT = (Mg + iU)® + (=A_)™ — (=A_ — iu)°]
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-
Asset Dynamics

We assume that the asset price S; follows an exponential Lévy model
under both historical measure P and the risk neutral measure Q:

5 SeXt, under P
7 ) sttt under Q.
P ~ Q implies
‘ dvQ/duvP? — 1)2.F (dx) < oo.
| ave/ant — 1)
Corollary

If X; and Y; are two AS Lévy processes and X; has index «, then Y;
has the same index .
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|
Main Idea

Assume first that ¢(u) = exp(i(u)) is known exactly. Define

L(u) := log(|p(u)|?) = —c?u? + 2 Re[¥(u)]

Leu) = €2L(u) - £(¢u) = log (I6(u) ¥ /o(cu) ) = log(oc())

for some ¢ > 1. Then it holds

Le(u) = ~2nful® (€ Relr(u)] - £ Re[r(u)]) = —ce(a)|u|*re(u),

where c¢(a) = 2n(¢2 — ¢*) =" and 7 (u) — 1.
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]
Truncation

Let ¢(u) be an estimate of ¢(u). Define

Ve(u) := log(—log(ee(u))) = log(ce) + alog(u) + log(Re 7¢(u)),
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]
Truncation

Let ¢(u) be an estimate of ¢(u). Define

Ve(u) := log(—log(ee(u))) = log(ce) + alog(u) + log(Re 7¢(u)),

Ve(u) = log(—log(T,,_ . [2e](u))), u >0,

where B ,
oe(u) = |o(u)|* /|p(Eu) P

and T,_ ., is truncation operator with truncation levels
O<w_ <ws <1
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|
Spectral Cut-Off Estimation

Let w'(u) be a function supported on [e, 1] for some e > 0 that satisfies

1 1
/ w'(u)log(u)du =1, / w'(u)du =0
0 0

Set w¥(u) = U='w'(uU~") and define

ey = /OOO wY(u)Ye(u) du.
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|
Spectral Cut-Off Estimation

If Ve = Ve

ge.o

ag,y = log(ce) /

WU(u)du+cv/ wY(u) log(u) du+ Ry,
0 JO

0 1

where

Ry = / wY(u) log(Re 7¢(u)) du — “modelling bias”.
0
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|
Minimax Model Class

Let us consider the class of AS Lévy models A(a, &, n—,n;+, ») with

Y(u) = ipu — o?u?/2 +9(u), I(u) = —nlu|*r(u), ueR,

where0 <a<a<2 0<0 <7,

0<n <yl <n <o,

[1—7(u)l < PIE |uf = o0

We shall write
(07 «, 1, T) € A(57 6" n—, N+, %)'

Denis Belomestny (WIAS) Estimation of the Degree of Jump Activity Eindhoven, 16 July 2009 14 /26



|
Estimation of ¢

Assume that the values of the log-price process X; = log(S;) on the
equidistant time grid = = {fy, t, ..., {n} are observed.

@ Estimate the characteristic function ¢(u) by its empirical
counterpart

n
) = 7> e,
=1
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Upper Bounds

For U = U with
B 1 ; 1/2
U= oz log(nlog™"(n)) , 0>0
it holds
sup E|agp— of® S R,

(0-70‘7777%)6"4(5-75‘7777 777+7%)

where
NS -
Rn= ¢ '(a) {25 Iog(n)} :
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|
Lower Bounds

For any fixed » > 0

liminfinf sup 6.2 E(la — aof?) = O(1),

R @ (U,OM%T)EA(E,@,W— PUES ’%)

where

1 —/2
op = 2(_flogu(n)} :

and the infimum is taken over all estimators « of a.

Denis Belomestny (WIAS) Estimation of the Degree of Jump Activity Eindhoven, 16 July 2009 17 /26



-
Adaptive Procedure

Fix a sequence of cut-off parameters U; > U, > ... > Uk and define

g = /OO wY(u)Ve(u)du, k=1,...,K.
0

For the sequence of estimates oy consider the sequence of nested
hypothesis Hx : a1 = ... = ax = a with

ak:/ w (W) Ve(u)du, k=1,...,K.
0
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-
Adaptive Procedure

Compute sequentially

ak = ko + (1 — k) k-1,

where a1 = a4 and the mixing parameter ~, is defined as

Yk = K(Te/Vk),  Tg = (ak — @k71)2/Vk

@ v is the variance of ay
@ K is a kernel supported on [0, 1]

@ {Vi} is a set of critical values
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]
Choice of Critical Values

The critical values Vs, ..., Vk_1 are selected to provide the prescribed
performance under the simplest (null) hypothesis

a1 =...=aKg = .

Under the null hypothesis, every estimate ay fulfills asymptotically

Vn(ax —a) ~N(0,v), n— oo
and therefore
EO‘V/;:,(&':;( - a)zlr ~ Cy,

where vk, = n~ v, C; = E|¢|?" and ¢ is standard normal.
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]
Choice of Critical Values

The critical values Vs, ..., Vk_1 are selected in such a way that

Eo|vih @k — ax)°|" <+Cr,  k=2,...K,

where + is the preselected confidence level of the procedure.

Denis Belomestny (WIAS) Estimation of the Degree of Jump Activity Eindhoven, 16 July 2009 21/26



-
Numerical Example

Consider the GH Lévy model with parameters (x, 3,4, A) and c.f.

(V)" K (o= (T wp)
(HZ_(ﬁ_A'_iU)Z)/\ KA(5\/52+/52> '

q)GH(U) _ eipu—azuz/Z

Lévy-Khintchine representation

o0

(e —1 —iux)g(x) dx) ,

—0o0

dgr(u) = exp (ibu —o2UP)2 + /

1 /4
where g(x) = 9x72 + 222 (x|=1 + 8x—1 4 o(|x|~"), x — 0.

s
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-
Numerical Example

@ Simulate 500 samples of (Xy, Xa, - .., Xna) from the GH model
withA=1,8=0,x=1and§ =4.

@ Construct

@ Compute N
Ye(u) :=log(—log(Te_ v [0c](u))),

where G:(u) = |o(u)|* /|¢(¢u)? and € = 2.
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-
Numerical Example

@ Solve the minimization problem
U ~
(g, 1Y) = argmin, , /0 wY(u)(Ve(u) — h log(u) — Ip)? du,
where wV(u) = U~ 'w' (U~ "u) and w'(u) = ulo<y<1y.
@ Let Uy = 100(1.25)"(*=1) k =1,...,30 and define ay = IV.

@ Construct aggregated estimates a1, ..., asg via SA with
Kx)=(Q1- X)1{0§X§1}, r=1and~ =0.5.
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Numerical Example

kappa=1, delta=5, sigma=0

kappa=1, delta=5, sigma=0.1
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Future Work

@ Extension to the affine models

@ Extension to time the changed Lévy models

@ Investigate the case A — 0
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