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Stochastic Operations Research:

how to optimally allocate scarce resources in an inherently uncertain environment.

Examples:

? Network design;

? Logistic and manufacturing networks;

? Production systems;

? Health care systems;

? . . .

Central notion: queue.
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More recent insights:

? Queueing theory can be applied when analyzing ruin probabilities in insurance risk;

? Stochastic modelling is a promising technique in (system) biology;

? . . .
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WHAT IS A QUEUE?

I. Definition as extension of ‘natural notion’ in discrete time.

Let Q0 = x. Then

Qn+1 = max{Qn + Yn, 0}.

Iterate: Qn+1 = max{Qn−1 + Yn−1 + Yn, Yn, 0}. With Xn :=
∑n

i=0 Yi, this leads to

Qn = Xn + max

{
x, max

0≤i≤n
−Xi

}
.

Then take the continuous-time counterpart:

Qt = Xt + max{x, Lt}, t ≥ 0,

with

Lt := sup
0≤u≤t

−Xu = − inf
0≤u≤t

Xu.
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(a) (Qt)t, given by Q0 = x and Qt = Xt + L?t , is non-negative for all t ≥ 0;

(b) L?t can only increase when Qt = 0, that is∫ T

0

QtdL
?
t = 0, for all T > 0.
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II. Definition through Skorokhod problem: (Qt)t is reflection of (Xt)t at 0.

Let (L?t )t be a nondecreasing right-continuous process such that

(a) (Qt)t, given by Q0 = x and Qt = Xt + L?t , is non-negative for all t ≥ 0;

(b) L?t can only increase when Qt = 0, that is∫ T

0

QtdL
?
t = 0, for all T > 0.

Then

Qt = Xt + L?t = Xt + max{x, Lt}, t ≥ 0,

and (local time!)

Lt = −Mt := − inf
0≤u≤t

Xu.
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WHAT IS A QUEUE?

In this way we have a well-defined notion of ‘a queue fed by Brownian motion’

(also called ‘reflected Brownian motion’).

Queue with stationary increments: Xt −Xt−s has, for a given s, the same distribution, irrespective

of t.

Steady-state distribution Q ≡ limt→∞Qt exists if EX1 < 0.

(Qt)t often referred to as workload process.
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What happens if we feed the queue by a highly correlated input process (Xt)t?

Is this high correlation inherited by the workload process?



DEPENDENCE STRUCTURE

Example: fractional Brownian motion. Then Xt ∼ Norm(−t, |t|2H), where H ∈ (0, 1) is the so-called

Hurst parameter.



DEPENDENCE STRUCTURE

Example: fractional Brownian motion. Then Xt ∼ Norm(−t, |t|2H), where H ∈ (0, 1) is the so-called

Hurst parameter.

ct := Cov (Xt+ε −Xt, Xε −X0) ∼ t2H−2.

In particular, ct is nonsummable for H ∈ (1
2, 1). We say: (the rate process of) (Xt)t is long-range

dependent.



DEPENDENCE STRUCTURE

Example: fractional Brownian motion. Then Xt ∼ Norm(−t, |t|2H), where H ∈ (0, 1) is the so-called

Hurst parameter.

ct := Cov (Xt+ε −Xt, Xε −X0) ∼ t2H−2.

In particular, ct is nonsummable for H ∈ (1
2, 1). We say: (the rate process of) (Xt)t is long-range

dependent.

Key question: what about

r(t) := Cov (Q0, Qt)??

Is the workload process long-range dependent?



DEPENDENCE STRUCTURE

Key question: what about

r(t) := Cov (Q0, Qt)??

Is the workload process long-range dependent?

Conjecture (M., Norros, & Glynn, Ann. Appl. Prob. ’09):

r(t) ∼ t2H−2;

that is, workload process is long-range dependent for H ∈ (1
2, 1).
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Therefore: other techniques are needed.
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DEPENDENCE STRUCTURE

There are partial results, though, see thesis Es-Saghouani. Focus on probabilities of the type

P(Q0 > pB,QTB > qB)

for B large. Assume queue is in stationarity at time 0!

There large-deviations theory is applicable.

P(Q0 > pB,QTB > qB)− P(Q > pB)P(Q > qB)

is some sort of covariance for indicator functions.
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THIS TALK

Same question, but now the queue is driven by a Lévy process (stationary and independent increments).

Now input process is (evidently) not long-range dependent...

... but what can be said about workload process?
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SPECTRALLY ONE-SIDED LÉVY PROCESSES

Lévy process: stochastic process with independent and identically distributed increments.

(Xt)t: Lévy process without one-sided jumps; drift EX1 < 0.

Key object in applied probability.

Spectrally one-sided: jumps are either only positive (spectrally positive)

or only negative (spectrally negative).



SPECTRALLY ONE-SIDED LÉVY PROCESSES: EXAMPLES

Important examples of spectrally one-sided Lévy processes are:

? Brownian motion with drift (being actually both spectrally positive and negative).

? Compound Poisson with drift. Non-negative jobs arrive according to a Poisson process of rate λ;

the jobs B1, B2, . . . are i.i.d. samples from a distribution with Laplace transform b(α) := Ee−αB;

the storage system is continuously depleted at a rate 1.

If drift would be positive, and jobs would be i.i.d. samples from a non-positive distribution (i.e.,

the jumps are downward), the process is spectrally negative.



INDUCED QUEUEING PROCESS

(Qt)t denotes the reflection of spectrally one-sided Lévy process (Xt)t at 0:

Qt := Xt + max{Q0,−Mt}, t ≥ 0,

where M = (Mt)t≥0 is the decreasing process defined by Mt := inf0≤u≤t Xu.

We assume that the queue is already in stationarity at time t = 0.



SPECTRALLY ONE-SIDED

Spectrally-positive case:

Laplace exponent: ϕ. Thus ϕ(α) := log Ee−αX1.

Increasing and convex on [0,∞), with slope −EX1 in the origin.

Inverse is ψ.

Assume that Xt is not a subordinator, i.e., a monotone process.
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SPECTRALLY ONE-SIDED

Spectrally-positive case, ctd.:

The steady-state distribution of Q := limt→∞Qt is given through

κ(s) := Ee−sQ = s
ϕ′(0)

ϕ(s)
, s ≥ 0.

Generalized Pollaczek-Khinchine formula.

Mean and variance:

µ := EQ =
ϕ′′(0)

2ϕ′(0)
; v := VarQ =

(
ϕ′′(0)

2ϕ′(0)

)2

− ϕ′′′(0)

3ϕ′(0)
.

We assume that v <∞, i.e., ϕ′′′(0) <∞.

Brownian motion: ϕ(α) = −αµ + 1
2α

2σ2;

Compound Poisson: ϕ(α) = α− λ + λb(α).



SPECTRALLY ONE-SIDED

Spectrally-negative case:

Define Φ(β) := log EeβX1, for β ≥ 0.

Again rule out that Xt is a subordinator (and recalling that Φ′(0) = EX1 < 0).

Note: Φ(β) is no bijection on [0,∞). Therefore define the right inverse through

Ψ(q) := sup{β ≥ 0 : Φ(β) = q).

Realize that β0 := Ψ(0) > 0.



SPECTRALLY ONE-SIDED

Spectrally-negative case, ctd.:

Eeβ0Xt is martingale, with β0 := Ψ(0) > 0.

‘Optional sampling’ thus gives, for any positive x, P(∃t ≥ 0 : Xt > x)eβ0x = 1.



SPECTRALLY ONE-SIDED

Spectrally-negative case, ctd.:

Eeβ0Xt is martingale, with β0 := Ψ(0) > 0.

‘Optional sampling’ thus gives, for any positive x, P(∃t ≥ 0 : Xt > x)eβ0x = 1.

Now Q is distributed as the supremum over t ≥ 0 of Xt (‘Reich’s identity’).

Hence: Q is exponentially distributed with mean 1/β0.

It follows that v = 1/β2
0 .
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? structural properties of the workload covariance function;

? efficient computation of the workload covariance function, through simulation.



CORRELATION FUNCTION

This rest of this talk focuses on

? structural properties of the workload covariance function;

? efficient computation of the workload covariance function, through simulation.

Recall: correlation function is

r(t) :=
Cov(Q0, Qt)√
VarQ0VarQt

=
E(Q0Qt)− (EQ0)

2

VarQ0
.

Its Laplace transform is

ρ(ϑ) =

∫ ∞

0

e−ϑt r(t)dt.



CORRELATION FUNCTION

Theorem: In the spectrally-positive case, the Laplace transform ρ(ϑ) of r(t) is given by

ρ(ϑ) =
1

ϑ
− ϕ′′(0)

2vϑ2
+
ϕ′(0)

vϑ2

(
1

ϑψ′(ϑ)
− 1

ψ(ϑ)

)
.

(See Es Saghouani and M., J. Appl. Prob., 2008).



CORRELATION FUNCTION, ctd.

• For T ∼ Exp(ϑ) independent of Xt we have (Kella, Boxma, and M., J. Appl. Prob., 2006)

E(e−sQT |Q0 = q) =
ϑ

ϑ− ϕ(s)

(
e−sq − s

e−ψ(ϑ)q

ψ(ϑ)

)
. (1)

• Differentiate (1) w.r.t. s and let s ↓ 0 yields∫ ∞

0

ϑe−ϑtE(Qt | Q0 = q)dt = −ϕ
′(0)

ϑ
+ q +

e−ψ(ϑ)q

ψ(ϑ)
.

• The result follows from∫ ∞

0

e−ϑtE(Q0Qt)dt =

∫ ∞

0

q

ϑ

∫ ∞

0

ϑe−ϑtE(Qt | Q0 = q)dtdP(Q0 ≤ q).



CORRELATION FUNCTION, ctd.

Example: Brownian motion

ρ(ϑ) =
1

ϑ
− 2

ϑ2
+

2

ϑ3

(√
1 + 2ϑ− 1

)
which we can explicitly invert to obtain

r(t) = 2(1− 2t− t2)
(
1− ΦN(

√
t)

)
+ 2

√
t(1 + t)φN(

√
t),

where ΦN(·) (resp. φN(·)) is the standard Normal distribution (resp. density).



CORRELATION FUNCTION, ctd.

Es-Saghouani and M.: structural properties for spectrally-positive case, such as r(t) is positive, de-

creasing, convex, complementing M/G/1 results by Ott.

Relying on machinery of completely monotone functions (Bernstein, 1929). (We’ll demonstrate this

concept for the spectrally-negative case.)

In addition: asymptotics of r(t) for t large.
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But how about spectrally-negative case?

q-scale functions: W (q)(x) is a strictly increasing and continuous function whose Laplace transform

satisfies∫ ∞

0

e−βxW (q)(x)dx =
1

Φ(β)− q
, β > Ψ(q), (2)

and in addition

Z(q)(x) := 1 + q +

∫ x

0

W (q)(y)dy. (3)
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Pistorius, J. Th. Prob., 2004: transform (with respect to t) of the density of Qt, given that Q0 = x:∫ ∞

0

e−qtPx(Qt = y)dt = e−Ψ(q)yΨ(q)

q
Z(q)(x)−W (q)(x− y).
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Pistorius, J. Th. Prob., 2004: transform (with respect to t) of the density of Qt, given that Q0 = x:∫ ∞

0

e−qtPx(Qt = y)dt = e−Ψ(q)yΨ(q)

q
Z(q)(x)−W (q)(x− y).

Hence, with T an exponential random variable with mean q−1,∫ ∞

0

e−βxExe
−αQT dx = I1 − I2;

here

I1 :=

∫ ∞

0

∫ ∞

0

qe−βxe−αye−Ψ(q)yΨ(q)

q
Z(q)(x)dxdy = ... =

Ψ(q)

Ψ(q) + α

1

β

(
1 +

q

Φ(β)− q

)
,

I2 :=

∫ ∞

0

∫ ∞

0

qe−βxe−αyW (q)(x)dxdy = ... =
q

α + β

1

Φ(β)− q
.
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So we have an expression for∫ ∞

0
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CORRELATION FUNCTION: TRANSFORM

So we have an expression for∫ ∞

0

βe−βxExe
−αQT dx.

Sanity checks:

• Plugging in α = 0 yields 1.

• Plugging in β = β0 yields the steady-state transform β0/(β0 + α):

when starting in the queue’s equilibrium distribution at time 0, the workload is still in stationarity

after an exponentially distributed time (irrespectively of q).



CORRELATION FUNCTION: TRANSFORM

With T having an exponential distribution with mean q−1,∫ ∞

0

qe−qtE(Q0Qt)dt =

∫ ∞

0

β0xe
−β0xExQT dx = lim

α↓0

d

dα

[
β · d

dβ

∫ ∞

0

e−βxExe
−αQT dx

∣∣∣∣
β=β0

]
.



CORRELATION FUNCTION: TRANSFORM

With T having an exponential distribution with mean q−1,∫ ∞

0

qe−qtE(Q0Qt)dt =

∫ ∞

0

β0xe
−β0xExQT dx = lim

α↓0

d

dα

[
β · d

dβ

∫ ∞

0

e−βxExe
−αQT dx

∣∣∣∣
β=β0

]
.

We eventually find, after considerable calculus, the following result.

Theorem: In the spectrally-negative case, the Laplace transform ρ(ϑ) of r(t) is given by

ρ(q) :=

∫ ∞

0

r(t) e−qtdt =
1

q
+
β2

0

q2
Φ′(β0)

(
1

Ψ(q)
− 1

β0

)
.



CORRELATION FUNCTION: TRANSFORM

Corollary: For the spectrally-negative case,

ρ(0) :=

∫ ∞

0

r(t)dt =
1

β0Φ′(β0)
+

Φ′′(β0)

2(Φ′(β0))3
<∞.



CORRELATION FUNCTION: STRUCTURAL PROPERTIES

Theorem: r(·) is positive, decreasing, and convex.

Proof: Mimic the proof in Es-Saghouani and M. for the spectrally-positive case. C : class of completely

monotone functions.



CORRELATION FUNCTION: STRUCTURAL PROPERTIES

Integration by parts:

ρ(1)(q) :=

∫ ∞

0

r′(t)dt =
β2

0

q
Φ′(β0)

(
1

Ψ(q)
− 1

β0

)
;

ρ(2)(q) :=

∫ ∞

0

r′′(t)dt = −r′(0) + β2
0Φ

′(β0)

(
1

Ψ(q)
− 1

β0

)
.

Later we show that Ψ(0)/Ψ(q) ∈ C .

Conclude: ρ(2)(q) is in C , and hence r′′(·) is positive, i.e., r(·) is convex.

Known: f (q) ∈ C implies that, with g(q) := (f (0)− f (q))/q, also g(q) ∈ C .

Taking f (q) = ρ(2)(q), we have −ρ(1)(q) is in C , and hence r′(·) is negative, i.e., r(·) is decreasing.

Similarly, ρ(q) is in C , and hence r(·) is positive. 2
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τ := inf{t ≥ 0 : Qt = 0}, where Q0 has stationary distribution.

p(t) := P(τ > t).



BUSY PERIOD: AN INTERMEZZO

τ := inf{t ≥ 0 : Qt = 0}, where Q0 has stationary distribution.

p(t) := P(τ > t).

Spectrally positive:∫ ∞

0

e−ϑtp(t)dt =

∫ ∞

0

(∫ ∞

0

e−ϑtP(τ (x) > t)dt

)
dP(Q0 < x) =

1

ϑ

∫ ∞

0

(
1− e−ψ(ϑ)q

)
dP(Q0 < q).

Application of ‘Pollaczek-Khinchine’:∫ ∞

0

e−ϑtp(t)dt =
1

ϑ
− ϕ′(0)

ψ(ϑ)

ϑ2
.



BUSY PERIOD: AN INTERMEZZO

Spectrally negative:

Recall that
∫∞

0 e−qtP(τ > t)dt = q−1 (1− Ee−qτ ) .

Known result:

Ee−qτ =

∫ ∞

0

β0e
−β0xEe−qτ(x)dx = β0 ·

κ̂(q, β0)− κ̂(q, 0)

β0κ̂(q, β0)
;

here κ̂(q, β) relates to the transform of the so-called descending ladder process;

in spectrally-negative case: κ̂(q, β) = (q − Φ(β))/(Ψ(q)− β). Using that Φ(β0) = 0, we find

Ee−qτ = Ψ(0)/Ψ(q),

and in addition∫ ∞

0

e−qtp(t)dt =
1

q

(
1− Ψ(0)

Ψ(q)

)
.
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Spectrally positive, light tails (∃α < 0 : ϕ(α) = 0): we roughly have

r(t) ∼ p(t) ∼ eϑ
?t,

where ζ is the minimizer of ϕ(·) and ϑ? = ϕ(ζ) the branching point of ψ(·).



BUSY PERIOD: AN INTERMEZZO

Striking feature: transforms have the same branching point as the transforms of the correlation

function!!

Spectrally positive, light tails (∃α < 0 : ϕ(α) = 0): we roughly have

r(t) ∼ p(t) ∼ eϑ
?t,

where ζ is the minimizer of ϕ(·) and ϑ? = ϕ(ζ) the branching point of ψ(·).

Spectrally negative: we roughly have

r(t) ∼ p(t) ∼ eq
?t,

where ζ is the minimizer of Φ(·) and q? = Φ(ζ) the branching point of Ψ(·).
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Naive simulation: estimate p(t) by

S(NS)
n (t) :=

1

n

n∑
i=1

1{τi > t}.



BUSY PERIOD: AN INTERMEZZO

Naive simulation: estimate p(t) by

S(NS)
n (t) :=

1

n

n∑
i=1

1{τi > t}.

Number of runs needed to obtain estimate of given precision?√
VarS

(NS)
n (t)

p(t)
< ε,

and realizing that

VarS(NS)
n (t) =

1

n
p(t)(1− p(t)) ≈ p(t)

n
,

we see that the number of runs needed is roughly of order 1/p(t), i.e., exponentially increasing...



BUSY PERIOD: AN INTERMEZZO

A more clever algorithm can be constructed as follows (spectrally-positive case):

use Importance Sampling.

? Let, in the interval (0, t], the Lévy process be twisted with −ζ = −ψ(ϑ?) > 0.

Meaning: ϕ(ϑ) replaced by ϕ̄(ϑ) := ϕ(ϑ + ζ)− ϕ(ζ).

? But what about distribution of Q0?

Simulate Q0 from a κ-twisted version, i.e., a distribution with LT Ee−(α−κ)Q0/EeκQ0.

Call new measure Qκ.



BUSY PERIOD: AN INTERMEZZO

We simulate the process under Qκ till time t. Likelihood L := LA · LB, where

? contribution due to the twisted Lévy process between 0 and t:

LA := eψ(ϑ?)Xt · Ee−ψ(ϑ?)Xt = eψ(ϑ?)Xt · eϑ?t.

? contribution due to the twisted queue at time 0 (use ‘Pollaczek-Khinchine’):

LB := e−κQ0 · EeκQ0 = e−κQ0 · −κϕ
′(0)

ϕ(−κ)
.

Estimate p(t) by, sampling under Qκ,

S(IS)
n (t) :=

1

n

n∑
i=1

Li1{τi > t}.



BUSY PERIOD: AN INTERMEZZO

L = eψ(ϑ?)Xt · eϑ?t · e−κQ0 · −κϕ
′(0)

ϕ(−κ)
.

First option: not twisting Q0 at all (i.e., choosing κ = 0).

This does not work well: recalling that a necessary condition for {τ > t} is {Q0 +Xt > 0}, we find

EQκL
21{τ > t} ≤

(
−κϕ

′(0)

ϕ(−κ)

)2

e2ϑ?tEQκe
−2κQ0e−2ψ(ϑ?)Q0. (4)

Logarithmic efficiency, meaning that the number of replications needed to obtain an estimate with a

certain fixed precision grows subexponentially in the ‘rarity parameter’ t:

lim sup
t→∞

t−1 log EQκL
21{τ > t} ≤ 2ϑ?.

In other words: when picking κ = 0 we need to have EQ0e
−2ψ(ϑ?)Q0 <∞ for logarithmic efficiency...

Not a priori clear....



BUSY PERIOD: AN INTERMEZZO

L = eψ(ϑ?)Xt · eϑ?t · e−κQ0 · −κϕ
′(0)

ϕ(−κ)
.

Second option: twisting with κ = −ζ > 0.

Easy to see that we do get logarithmic efficiency here!



SIMULATION OF CORRELATION FUNCTION

But can we come up with an efficient simulation algorithm for r(t)?

Remember:

r(t) =
EQ0Qt − µ2

v
,

with µ := EQ and v := VarQ known...

We can estimate EQ0Qt − µ2 by

T (NS)
n (x) :=

1

n

n∑
i=1

Q
(i)
0 Q

(i)
t − µ2.

How many runs needed?



SIMULATION OF CORRELATION FUNCTION

Variance of this estimator:

1

n
· Var (Q0Qt) =

E(Q2
0Q

2
t )− (E(Q0Qt))

2

n
→ (EQ2)2 − (EQ)4

n
;

Conclude: number of runs needed roughly proportional to 1/r(t)2!!!



SIMULATION OF CORRELATION FUNCTION

We construct a coupling as follows.

Write:

r(t) =
1

v
· E(Q0 · (Qt −Q?

t )),

where both Q and Q? are stationary versions of the workload, and Q?
t is independent of Q0.

Construct this as follows: generate Q0 and Q?
0 independently, sampled from the stationary distribution

of the workload. Now use exactly the same driving Lévy process Xt over (0, t] to drive both Qt and

Q?
t from their two independently generated initial conditions.

This makes Qt and Q0 correlated but Q?
t and Q0 independent.



SIMULATION OF CORRELATION FUNCTION

We can estimate EQ0Qt − µ2 by

T (CS)
n (x) :=

1

n

n∑
i=1

Q
(i)
0 (Q

(i)
t −Q

?(i)
t ).

What is performance of this estimator?



SIMULATION OF CORRELATION FUNCTION

Split E(Q0 · (Qt −Q?
t )) into four terms, as follows.

Recall Mt = infs∈(0,t]Xs. Then

r(t) = r++(t) + r+−(t) + r−+(t) + r−−(t),

where

r++(t) := E(Q0 · (Qt −Q?
t ) · 1{Q0 +Mt > 0, Q?

0 +Mt > 0}),
r+−(t) := E(Q0 · (Qt −Q?

t ) · 1{Q0 +Mt > 0, Q?
0 +Mt < 0}),

r−+(t) := E(Q0 · (Qt −Q?
t ) · 1{Q0 +Mt < 0, Q?

0 +Mt > 0}),
r−−(t) := E(Q0 · (Qt −Q?

t ) · 1{Q0 +Mt < 0, Q?
0 +Mt < 0}).

It is evident that r−−(t) = 0 as both queues have been empty.



SIMULATION OF CORRELATION FUNCTION

Key observation: |Qt −Q?
t | ≤ |Q0 −Q?

0|.

We therefore have:

Var (Q0(Qt −Q?
t ) ≤ EQ2

0(Qt −Q?
t )

2 ≤ EQ2
0(Q0 −Q?

0)
2.

In addition:

EQ2
0(Q0 −Q?

0)
2 ≤ E(Q2

0(Q0 −Q?
0)

2 · 1{Q0 +Mt > 0, Q?
0 +Mt > 0}) +

+ E(Q2
0(Q0 −Q?

0)
2 · 1{Q0 +Mt > 0, Q?

0 +Mt ≤ 0})
+ E(Q2

0(Q0 −Q?
0)

2 · 1{Q0 +Mt ≤ 0, Q?
0 +Mt > 0})



SIMULATION OF CORRELATION FUNCTION

Lemma: in the spectrally-positive case

lim
t→∞

1

t
log E(Qk

01{τ > t}) ≤ ϑ?

(and . . . ≤ q? in the spectrally-negative case).

Hence,

lim
t→∞

1

t
log Var (Q0(Qt −Q?

t ) ≤ ϑ?.

Consequently,√
VarT

(CS)
n (x)

r(t)
≈

√
eϑ?t/n

eϑ?t
,

so that number of runs needed grows roughly as 1/r(t).

Substantial improvement!



SIMULATION OF CORRELATION FUNCTION

Augment coupling algorithm with Importance Sampling (as for busy period),

and we even get an algorithm for which the number of runs grows subexponentially!

This algorithm is called logarithmically efficient.



CONCLUSIONS

Analysis of correlation structure of process after imposing reflection map: is correlation structure

inherited?

Hard to solve for the case of Gaussian inputs (such as fractional Brownian motion), but . . .

explicit analysis for the Lévy case: structural results, asymptotics, and efficient simulaton.


