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The Hype



Sparsity

For decades we taught students that to estimate p parameters one needs
n � p observations.

This was already challenged by nonparametric smoothing techniques.

Nowadays we encounter many situations with little data and many
unknowns. Therefore, yes we can handle more parameters than
observations.

All we need to do is assume sparsity: most parameters are zero. The
remaining problem is that we do not know which ones.



p > n

Regression Y = Xβ + e.
Classical:

Y
=

X β
+

e

Hypic:
Y

=
X β

+
e



A theoretical result

THEOREM
If Y1, . . . , Yn are independent, with Yi ∼ N(θi, 1), for unknown
θ = (θ1, . . . , θn), then as pn/n → 0,

inf
T

sup
θ∈Rn:#(θi 6=0)≤pn

Eθ‖T − θ‖2 = 2pn log
n

pn

(

1 + o(1)
)

.

Had we known which pn � n parameters are nonzero, then the left side
would have been pn. We pay a log(n/pn) factor only.

There are many procedures that have a risk of minimal order (penalized
minimum contrast, truncation with (FDR) substitution, empirical Bayes, full
Bayes).



LASSO

The penalized Least squares estimate with `1-penalty

Tλ = argmin
θ

‖Y − θ‖2 + λ‖θ‖1.

The LASSO estimator is very computable and it is sparse, although not
sparse enough. Interesting theoretical results relating `1 and `0 penalties.



Covariance Matrices

The covariance matrix of p variables X1, . . . , Xp is the (p × p)-matrix

Σ =
(

cov(Xi, Xj)
)

.

It gives a first impression of dependencies, and it is also the basis of
further analysis techniques (principal component analysis, discriminant
analysis, graphical models, ...).

The usual estimator based on a random sample X1, . . . , Xn from the
distribution of X = (X1, . . . , Xp)

T is

Sn =
1

n

n
∑

i=1

(X i − X̄n)(X i − X̄n)T .

If p = pn → ∞, then Sn does not converge to Σ relative to matrix norms,
unless pn � n. However, sparse matrices can be estimated.



The Previous Hype



Genomics

About 10 years ago 90 % of statistics jumped onto the analysis of
micro-arrays. These were a main example of p � n, for instance 20 000
measurements on every individual in a sample of size 100.



Genomics

About 10 years ago 90 % of statistics jumped onto the analysis of
micro-arrays. These were a main example of p � n, for instance 20 000
measurements on every individual in a sample of size 100.

This massive data has multiplied:

• gene expression arrays

• gene copy number arrays

• proteomics profiles

• single nucleotide polymorphisms

• metabolomic data



Impact

impact factor 2009 =
#citations in 2009 of articles published in 2007-8

#articles published in 2007-8



Multiple Testing

Genomics has rekindled interest in multiple testing: for instance for every
of 20 000 genes one compares, e.g. by a t-test, expression of that gene in
samples of healthy and cancer tissues.

What about the overall significance?

We used to teach people that they should not perform many tests at the
same time.



False Discovery Rate

An innovation was the use of the false discovery rate

FDR = E
#true hypotheses

#rejected hypotheses
.

THEOREM [Benjamini, Hochberg, JRSSb 1995]
Given N independent p-values, reject all hypotheses i with p(i) ≤ iα/N .
This has FDR ≤ απ0, for π0 the fraction of true hypotheses.
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False Discovery Rate

An innovation was the use of the false discovery rate

FDR = E
#true hypotheses

#rejected hypotheses
.

THEOREM [Benjamini, Hochberg, JRSSb 1995]
Given N independent p-values, reject all hypotheses i with p(i) ≤ iα/N .
This has FDR ≤ απ0, for π0 the fraction of true hypotheses.
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The result has rekindled an interest in empirical Bayes methods in order
to estimate π0.



Higher Criticism

Many competitors and variants of BH have been developed, including
higher criticism [Donoho and Jin, PNAS 2008.]

HC(i; p(i)) =

√
N(i/N − p(i))

√

i/N(1 − i/N)
.

Reject all hypotheses with i ≤ argmaxi HC(i; p(i)).
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Higher Criticism

Many competitors and variants of BH have been developed, including
higher criticism [Donoho and Jin, PNAS 2008.]

HC(i; p(i)) =

√
N(i/N − p(i))

√

i/N(1 − i/N)
.

Reject all hypotheses with i ≤ argmaxi HC(i; p(i)).

This has theoretical optimality properties in a toy model with independent
normal test statistics with means either 0 or µ (sparse!), AND:



Higher Criticism

John W. Tukey, 1915–2000

From Brillinger, AS 2002



The Competitors



Machine Learning

Ten years ago many statisticians expressed fear that they would loose
ground to computer scientists, who

• are good in implementations, in particular with large data-sets.

• are better in selling their trade (e.g. learning versus regression,
machine versus regression function).

The fear was misguided:

• Many applications need probabilistic models (noise, biased
sampling, censoring, dependencies, causality, ...).

• There has been much interaction and cooperation (Bayesian
methods, theory for “statistical learning”,...).



Classification

Observe a random sample (X1, Y1), . . . , (Xn, Yn) of points in X × {−1, 1}.
Construct a function f :X → R such that sign f(X) is a good predictor of
Y for an additional random point (X, Y ).

The risk f 7→ P
(

Y 6= f(X)
)

is minimized by the Bayes classifier

f(x) = sign
(

P(Y = 1|X = x) > 1/2
)

.

Now use the data to approximate the Bayes classifier.

Many methods (Fisher’s discriminant, (structural) empirical risk
minimization, neural nets, support vector machines, boosting,...).



Support Vector Machine

A SVM [Vapnik, 1998] is defined as the hyperplane that maximizes the
margin between the two types of input.



Support Vector Machine

A SVM [Vapnik, 1998] is defined as the hyperplane that maximizes the
margin between the two types of input.

If the samples are not separable, then one relaxes the numerical
optimation problem, and uses the soft margin SVM:

argmin
(β,b)∈Rd×R

[

n
∑

i=1

(

1 − yi

(

〈xi, β〉 + b
)

)

+
+ λ‖β‖2

]

This is penalized empirical risk, with hinge loss `(y, x, f) =
(

1 − yf(x)
)

+
.



Hinge Loss

`(y, x, f) =
(

1 − yf(x)
)

+



Statistical Learning

The linear classifier can be generalized to functions in a Reproducing
Kernel Hilbert Space.

f̂ = argmin
f∈H

[

n
∑

i=1

(

1 − yif(xi)
)

+
+ λ‖f‖2

H

]

.

THEOREM [Blanchard, Massart, 2007]

Eregret(f̂ , fBayes) ≤ inf
f

[

regret(f, fBayes) + λ‖f‖H

]

+ λ.

This oracle inequality is an instance of general results on penalized
empirical risk minimization, and is proved using empirical process theory.
The ultimate result uses multiple RKHSs, i.e. adaptation.



Kernel Methods

The connection to RKHSs led to kernel methods.



The Equal-Minded



Econometrics

Econometricians are statisticians working on economic/social data.



Econometrics

Econometricians are statisticians working on economic/social data.

They share interest in semiparametrics, censoring, causality, ..., and their
winners do very related things.

Nobel Prizes Economics 1997 — 2000 — 2003



Econometrics

Econometricians are statisticians working on economic/social data.

Two “recent” innovations:

• Instrumental variable nonparametric regression

• Partial identification



Econometrics — Instrumental Variables, Identification

It is often assumed that e and X are independent in

Y = f(X) + e.

This is suitable for controlled experiments, but not in observational
studies.

Econometricians rarely assume more than that E(e|X) = 0, thus
identifying the regression function as f(X) = E(Y |X).

Even this assumption (X is exogenous) is often unrealistic.
Econometricians use instruments Z

Y = f(X) + e, and E(e|Z) = 0.

This can identify f , but leads to an inverse problem.

An alternative is to give bounds for f under realistic assumptions.



Biostatistics

Biostatisticians are statisticians.



Biostatistics

Biostatisticians ought to be mathematical statisticians.
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Biostatistics

Biostatisticians are statisticians.

We have a certain tradition, and there are still many open questions,
concerning methods for censored data.

Cited; MathSciNet: 116 times; Web of Knowledge: 942 times.

Biostatisticians often identify parameters (e.g. for causal effects) by
conditioning on many covariates. This leads to models with p > n.



The Bayesians



Bayesian statistics

Bayesian inference starts with a prior probability distribution Π on the set
of parameters θ. The density x 7→ pθ(x) of the data X is viewed as the
conditional density given that θ was drawn from Π.
Bayes’ rule then gives the posterior distribution

dΠ(θ|X) ∝ pθ(X) dΠ(θ).



Bayesian statistics

Bayesian inference starts with a prior probability distribution Π on the set
of parameters θ. The density x 7→ pθ(x) of the data X is viewed as the
conditional density given that θ was drawn from Π.
Bayes’ rule then gives the posterior distribution

dΠ(θ|X) ∝ pθ(X) dΠ(θ).

Bayesian statistics was a hype in the 1990s, because of new
computational techniques (Markov Chain model Carlo).

Theory for high-dimensional problems is slowly catching up.

Bayesian methods seem promising for complex and high-dimensional
(including sparse) situations (model selection, networks, many
covariates,....).



Bayesian Nonparametric Regression

Consider estimating θ based on (X1, Y1), . . . , (Xn, Yn) with

Yi = θ(Xi) + ei,

for e1, . . . , en independent with mean 0.
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Bayesian Nonparametric Regression

Consider estimating θ based on (X1, Y1), . . . , (Xn, Yn) with

Yi = θ(Xi) + ei,

for e1, . . . , en independent with mean 0.

posterior, 1 realization

0.0 0.2 0.4 0.6 0.8 1.0

−
1

0
1

2
3



Bayesian Nonparametric Regression

Consider estimating θ based on (X1, Y1), . . . , (Xn, Yn) with

Yi = θ(Xi) + ei,

for e1, . . . , en independent with mean 0.
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Bayesian Nonparametric Regression

Consider estimating θ based on (X1, Y1), . . . , (Xn, Yn) with

Yi = θ(Xi) + ei,

for e1, . . . , en independent with mean 0.

posterior mean
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Bayesian Nonparametric Regression

Consider estimating θ based on (X1, Y1), . . . , (Xn, Yn) with

Yi = θ(Xi) + ei,

for e1, . . . , en independent with mean 0.
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A Theoretical Result

As prior use the law of t 7→ Gt/C for t 7→ Gt a centered Gaussian process
with EGsGt = exp

(

−(s − t)2
)

and c an independent Gamma variable.
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THEOREM

• if w0 ∈ Cα[0, 1], then the rate of contraction is nearly n−α/(2α+1).

• if w0 is supersmooth, then the rate is nearly n−1/2.

Reverend Thomas can solve the bandwidth problem!?



The Causes of the Financial Crisis



The Quants

In derivative pricing stochastic processes model underlying financial
assets (stocks, interest rates). Under no-arbitrage the price of an option is
an expected value under some martingale measure.



The Quants

In derivative pricing stochastic processes model underlying financial
assets (stocks, interest rates). Under no-arbitrage the price of an option is
an expected value under some martingale measure.

Derivative pricing has been a driving force to create our current financial
crisis (e.g. CDSs, CDOs).

Can we contribute better models than Black-Scholes (general
semimartingales: stochastic volatility, jump processes, multivariate term
structures,...) and develop tools to apply them?



The Risk Managers

Historical analysis of financial processes allows to predict the risk position
of a bank. Main challenges:

• highly multivariate dependencies

• rare and extreme events



The Risk Managers

Historical analysis of financial processes allows to predict the risk position
of a bank. Main challenges:

• highly multivariate dependencies

• rare and extreme events

Smart statisticians have not been able to prevent the banks from incurring
too many risks. (Are there enough smart statisticians in our financial
institutions?)



The Risk Managers

Historical analysis of financial processes allows to predict the risk position
of a bank. Main challenges:

• highly multivariate dependencies

• rare and extreme events

Smart statisticians have not been able to prevent the banks from incurring
too many risks. (Are there enough smart statisticians in our financial
institutions?)

We definitely need more statistics (state space models, high frequency
data, multivariate extremes,...)



Life Itself



Phase Synchronization

dφ1
t = µ1(φt) dt + σ1(φt) dW 1

t

dφ2
t = µ2(φt) dt + σ2(φt) dW 2

t .



Neural Networks, Spike Trains



Neural Networks, Spike Trains



Ion Channels



Statistical Genetics



Statistical Genetics



Statistical Genetics

Methods for gene finding have shifted
from parametric linkage in big families:

to nonparametric linkage in small families:

1 2 3 4

1 4 2 4

to association in unrelated individuals:

Population structure and dynamics have become more important.

Perhaps the biggest problem is p > n: how to find the effects of 30000
genes and their interactions.



Signals and Pictures



The Future Hypes?



Integromics

Genomics, proteomics, metabolomics.
Many types of data.
Data-bases.
Models.



Structures

Statistics (in particular theory) for:

• graphs (neural networks, causality, genetic networks,...)

• systems of SDEs (neuronal signals, systems biology, finance,...)

• particle systems (systems biology,..)

• spatio-temporal processes (population dynamics, systems biology,
neuroscience, ...)

• state space models (finance, neuro-science, ion channels, genes,... )



?????

Statistics has become an extraordinarily broad field.

Separations are blurring (biostatistics, econometrics, machine learning,... ).

Computation is nontrivial.

Not easy to connect good applied work to good theory (?)
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